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Signal Theory

- N0.9 A/D Conversion and Quantization -

Hiroshi Watanabe
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Analog Signal to Digital Signal

Pre-filtering: Cut High Frequency Component
Sampling: Discrete in Time Domain
Quantization: Convert Value to Finite Digits

Pre- samolin Quanti-
Filtering PiNg zation
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Input Signal Output Signal
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PCM

B PAMT—EANDI=—IFEDEIYHT

Digitized, Quantized Signal Restored Signal

B Digitized Samples —— Input Signal — Restored Signal — Input Signal
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PCM

B Unique Code Assignment to PAM Data

Digitized, Quantized Signal Restored Signal

B Digitized Samples —— Input Signal — Restored Signal — Input Signal
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Digitized and quantized signal Restored signal
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b, 2" +b, 2" 440, 2" + b 2°
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10110 =2%+2°+2' =16 +4+2 =22
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Binary and Decimal Numbers

B Binary Representation

b, 2" +b, 2" 440, 2" + b 2°

bb, ;---bby bbb | b ot o
-1 -m

10

= Zn:bizi

10

B Example

10110 =2%+2°+2' =16 +4+2 =22
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B LAILEEEYIE

Level#k Bit Code
1 0,1
2 00, 01, 10, 11
3 000, 001, 010, 011, 100, 101, 110, 111

00...0, ...
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Binary Code

B Level and Bit Numbers

Level#s Bit Code
2 1 0,1
4 2 00, 01, 10, 11
8 3 000, 001, 010, 011, 100, 101,
110, 111

00...0, ..

{E5#5H / Signal Theory




PCM%

Codeword Quantized Signal

000
001

010
011
100
101
110
111

Quantization Level
OFRNWMOUGO N

=3 1 2 3 4 5 6 7 8 9 10 11
LR): 7 7 6 5 3 3 4 4 1 3 7
FE: 111 111 110 101 011 011 100 100 001 011 111 / 33 hit
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Codeword
000
001
010
011
100
101
110
111

Quantization Level

Time: 1 2 3 4 5
Level: 7 7 6 5 3
Code: 111 111 110 101 011

Quantized Signal

O Quantized Signal

OFRLNWPAMUIUITO N

6 7 8 9 10 11
C O 1 3 4
011 100 100 001 011 111 / 33 hit
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Level Codeword Compression by Reducing Q-Levels
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Bzl: 1 2 3 4 5 6 7 8 9 10 11

LR)L: 3 3 3 2 1 1 2 1 0 1 3
F=: 11 11 11 10 01 01 10 10 00 10 11/ 22bit
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Basic Data Compression —
Reducing Number of Quantization Levels

Codeword Compression by Reducing Q-Levels

00 B Digitized Samples —— Input Signal
01l

10
11

5
>
@©
—
c
o
b=
@©
N
b=
=
©
S
o

1 2 3 4 5 6 7 8 9 10 11
Time

1 2 3 4 5 6 v 8 9 10 11

3 3 3 2 1 1 2 1 0 1 3
11 11 11 10 O1 O1 10 10 OO 10 11/ 22bhit

{E5#5H / Signal Theory




B ARG T —AFHE — ERA%0sl5E

>

Codeword Compresson by Reducing Sampling
000 Frequency

001 B Digitized Samples —— Input Signal

010
011
100
101
110
111

Quantization
LEvel
OFRLNW,AM,UUIO N

=37 1 2 3 4 5 6
LR)L: 7 6 3 4 1 7
FE: 111 110 011 100 001 111/ 18 bit
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Basic Data Compression —
Reducing Number of Samples

Codeword Compresson by Reducing Sampling
000 Frequency

001
010 *
011
100
101
110
111

Quantization
LEvel
OFRLNW,AM,UUIO N

Time: 1 2 3 4 5 6
Level: 7 6 3 4 1 7
Code: 111 110 011 100 001 111/ 18 hit
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Time Analogue signal Value
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1.80 Analog signal
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B Calculation of Quantization step d

2\/ V:Maximum value of input
d= /
L

L : number of quantization levels

N : number of bits for code

B Example

When V=2.2, n=4, L equals to 16, thus,
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Quantitative Analysis

B Quantization Error Power:
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E=HIEENT (4)

B = F{bICKASNREEEXHES L)

SNR(dB) = 20l0g,, 2*
O
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04

: : 2
B Variance of Input signal: (maximum value for image
processing)
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=10log,, 12L°

=10(log,, 3+2log,, 2)+20log,, 2" §109,, 2=0.301
=10.79+6.02n log,, 3=0.477

1bit 6aBMD ;%A
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4V ?
d?/12

SNR(dB)=10log,,

=10log,, 12L°

=10(log,, 3+ 2lo0g,, 2)+20log,, 2" 109, 2=0.301

=10.79+6.02n |Og10 3=0477
Rule: 1bit 6aB
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— RANT—=FIlk.NIMLEFIE

— REEF. FEEEEFIE
=FEDxEE

— Max=F1t3s
EZFEIEIZBITHEFE

— JPEG, H.261, MPEG-1, MPEG-2
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Role of Quantization

— Data compression by reducing the number of status
— Quantization Error: Error caused by quantization
Types of Quantization

— Scalar Quantization, Vector Quantization

— Linear Quantization, Non-linear Quantization
Optimization of Quantization

— Max Quantizer

Quantizer used at Image Coding

— JPEG, H.261, MPEG-1, MPEG-2
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¥i(3) /

Q(Xi ): yi(k)
(Thy <X <Thy,;)

¥i(2)

yi(1)
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What’s Quantization?

B Discrete Level

Quantized Value Q(X;)
4

¥i(3)

Q(Xi ): Yi(k)
(Thy <X <Thy,;)

¥i(2)

yi(1)
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=11tE

B XANSDBEENDEFILELEERE (LP /)LL)
d(x,y)=[x-y|,
1/p
by, =(je-y°)
B RNJOMNLDEED=EFIEEL/ILL
d(X,Y)=[X-Y|

/
R A L VA LR ML
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Quantization Distortion

Quantization Error and Distortion Measure for Scalar’s
Case (LP-norm)

Quantization Error and Distortion Measure for Vector’s
Case (LP-norm)

d(X,Y)=[X-Y|

/
X =Y, =[x = e =yl e, = v )
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m KRG /ILLA

1
K = ()" ol 4P VP (o> p21)

I, =]l -

2 2 2 12 . )
||V|| — x| +|x| +---+|x| Fuclidean norm
2 1 2 n /

[, =maxjx|
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B Typical Norms

1
K = ()" ol 4P VP (o> p21)

I, =]l -

2 2 2 12 . )
||V|| — x| +|x| +---+|x| Fuclidean norm
2 1 2 n /

[, =maxjx|
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ANZ=FIEENTMIL=EF1E

B XHOWS=F1

- NEDEZRZEIODANES (NRFTAIRL)X [TXLT, NED
EFLEFZERELTHEOHANESE. BADERDE=F1E
EER=ED

Xy |

QS(X):[QS(XI) Qs(xz) Qs(XN)]t
Qs(Xi)=(yi(ki)Iki=aﬁgmjind(xi,yi(j)) (1=12,..,r;)

d(x,y)=|x-y|,
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Scalar and Vector Quantization

B Scalar Quantization

— For input signals (N-dimensional vector) having N
elements, output signals have N elements which are
quantized individually

X:[Xl Xy o XN]t

Q.(X)=[Q(x) Q%) - Qx)]
Qs(xi>=(yi(ki)|ki=a§gmjind(xi,yi(j)) (j=12,..

d(x.y)=[x=y],
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ANZ=FEEADE

B RNJKILEFIE

—~ NEDEZRZEDODANES (NRTAIRL)X IZXLT., #EL
FRERIRLEG@—FT YY) Y6) (=1,.. MDOHFIM5ExELEE
BEDEWNWEDEEUHT

X =[x,
Q (X)=[yi(k) v, (k) -y (k)]

YA =[y.(i) (i) - vy ()]
d( X,Y(i))=|X —Y(i)Hp
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Scalar and Vector Quantization
(2)

B Vector Quantization

— For input signals (N-dimensional vector) having N
elements, a set of output signals giving the
minimum distortion is selected from codevectors
stored in a codebook Y(i) (i=1,...,M)

X:[xl Ry =+ XN]t

Q (X)=[yi(k) yo(k) - yu (k)]
Q (X)=(Y()[k=argmind(X,Y(D))) (i=12,...M)

YO =[y,(i) y,(i) -y ()]
d( X,Y(i))=|X —Y(i)Hp
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B RNJMNLEFIEOH X

ATRTRIL ATHOR k
NIRIL=EFIEES <

YA =[y,(i) y,(i) -y ()]
(1=12,--,M)
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Scalar and Vector Quantization
©),
B Block Diagram of Vector Quantization

N-dimensional Codevector
Input Vector Index k

Vector Quantization >

Codebook

YA =[y,(i) v,(i) - yu(D)]
(i=12,--,M)
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Scalar and Vector Quantization
(4)

B Scalar and Vector Quantization for 2-D input

Input data  Quantized x, , s
f;uue Vector Quantization

Is effective for biased
iInputs

X2 A

Scalar Quantization Vector Quantization
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NI ILEFIE

JO—RIYIDER... LBGF7IILTYX L (Linde, Buzo, Gray)
MEAO—KR TV C={Y, ()} (i=1,2,...,N)
fo—=2T0%E TE NEDEE RY(i) [THE (FRIEGHER)

R,(i)={X eT :d(X,Y,(i))<d(X,Y,(j)); for j =i}

O ROAMRRINLDETE

Y, (1) =E[ X[ X eR,(1)]

ERTOREN—TELUTICHLSET, COLEDHEYRL
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Codebook Generation ... LBG Algorithm (Linde, Buzo,

Gray)

— Initial codebook C,={Y,(i)} (i=1,2,...,N)

— Divide training set T to N sets Ry(i) (Nearest Neighbor
Search)

R(i)={X eT :d(X,Y,(i))<d(X,Y,(j)); for j =i}

Calculation of Centroid Vector
Y, (1)=E[X[X eRy(1)]

Repeat this procedure until total error will reach to a
certain level
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NJMIL=F1E (2)

B Shape-Gain NJhIL=FiE

‘ Shape Codebook Y(i):i=1...N

!

>| Max ( XU Y(i)) l » Shape Index: |

4iviin (9()-Xt Y(1) )2 —> Gain Index: J

i

‘ Gain Codebook ¢(j):j=1...M
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n (2)

B Shape-Gain Vector Quantization

Shape Codebook Y(i):i=1...N

:

Max ( X' Y(i) ) l » Shape Index: |

Min ( g(j)-Xt Y(1) )2 J—> Gain Index: J

i

Gain Codebook ¢(j):j=1...M
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E%’”iﬂ_ Q(XI)

¥i(3) —'—-'
Q( X; ): Yi( k)

i(2) e B (T+(k-1)d<x <T+kd)

yi(1)

4

' » ANME X
T+d T+2d T+3d
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Lin

ar Quan

tion

B Quantization Step dis constant (uniform quantization)

Quantized Value Q(x;)
A

¥i(3)

¥i(2)
yi(1)

4
/
————
4
7’ I

d | d

> —>—>

Q(Xi):yi(k)
(T+(k-1)d <x <T +kd)

» InputX;

T+d T+2d T+3d
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B Mid-riser and Mid-tread Type

Output
A

/
4 /7
4 /7
7/ 7
7/ 7/
7/ 7/
/ /

- = 1

4 4
4 4
4 4
l
b
4 4
4 /
4 4
4 4
4 4
/7 4

Mid-riser Type Mid-tread Type
(emphasize around zero) (suppress around zero)
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JEfR2=F1E

v

2FIERTYITHIE—k
=F1ElE Q(x) Q( X. ) = X;
A 7/
Yi(3) <

Q(x,) = y,(k)
(Th, <x. <Th_,)

0 Th, Th, Th,
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B Quantization Step in non-uniform
Quantized Value Q(X;) Q(x. )=x
A ’
¥i(3) :

Q(x,) = y,(k)
(Th, <x. <Th_,)

0 Th, Th, Th,
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SEfRFZ = F1E (2)

B E50EMEEFIERATYTDREE

— ANEEOHIBERIZEHLES

— BW—AEFITEXR, FHHLEEFLREZRRTESD
B DPCMOISIZOMAEDEEDHIRERNATILVGE

— OfhEMANEIFHIBEENSLO THNEFIE

— REGANEIE. HIRBEMNMEL DO THIEFIE
B ANEESOHBEERLIEFIERTYTDER

— FHNEEFEREDHEIL(&/IME) D ATEE
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Ization (2)

Relation of signal characteristics and gquantization step
— Fit to input signal’s occurrence probability

— Can reduce average distortion than linear
quantization

In case of high occurrence probability around zero such

as DPCM

— Fine quantization around zero
— Coarse quantization to large inputs

Relation of input’s occurrence probability and

quantization steps

— Optimization (Minimization) of the average
distortion is possible
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Max=F1tzs

B 55 x OHEREE p(x) (AL TEH2RBELZR/IMETIEF
{58

m LEME t,t, ..., t, EFIEME q,q ..., q, 129 HERETFIE
— Step.1 LEMEDEZE

t =(g_,+q0)/2 (1=12,...,n-1)

— Step.2 EFILEDERTE (FEIL)

=" xp(x)dx/f” o(x)dx (i=01,..n—1)
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Max Quantizer

Minimize MSE with regard to signal x’s probability p(x)
Design procedure to threshold t,t,, ..., t,and quantized

value gy, gy, -+, q,
— Step.1 Set thresholds

t=(q.,+0q)/2 (i=12,...,

where t,=—0 t =

— Step.2 Obtain quantized values (Centroid)
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> p(x)(x-g;)

i=0 !

REEFILEEZALEVMEIT EXZE t TRMUMASLTOLEITIE

t=(9+0.,)/2 (1=12,..,n-1)

ﬂ*%k 9. 'Cﬁf"& PRI NEEFEFEDLTEZONS BRETF

BRI E =)

THERZRE p(x) NMFHFRGIEESUNETICHE T —RRICEBUEET
ETRODBVLENELD
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> p(x)(x-g;)

i=0 !

Optimum threshold is obtained by taking derivatives of t;

t =(g+q9_,)/2 (1=12,..,n-1)

Similarly, by taking derivatives of g, quantized value is given
by centroid (Theoretical background for design procedure)

Cannot solve analytically for general probability density p(x) ,
normally use numerical calculation is employed
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&

B ANESDOHER

X &=

7x (

\

FE p(x) B0, S DERSHOBE

LEULME

LA~

t.

oF

\

8

LELME

LA

-1.510

L.

0;

-2.152

-0.4528

-1.748

-1.344

0.0

0.4528

-1.050

-0.7560

0.9816

1.510

-0.5006

-0.2451

0.1175

N N
V.V

N o2NC1
V.£49491

0.5006

0.7560

1.050

1.344

1.748

2.152

0.03454
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B  When input signal’s probability p(x) is Normal
distribution with average zero and variance 1

N=4

threshold

level

N=8

{

o

threshold

level

0

-1.510

L.

oF

1

0.4528

-2.152

-1.748

-1.344

0.0

0.4528

-1.050

-0.7560

0.9816

1.510

-0.5006

-0.2451

0.1175

0.0

0.2451

0.5006

0.7560

1.050

1.344

N|oOo(a|~|[W|IN|F|O

1.748

2.152

@D
N

0.03454
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JPEGE=F1E

—tk=F1b 3=
TR —2 %L
V1N A1 i

EFEAVTIR
A
3

2

1 L - -
-3Qs/2 -Qs/2

>

DCT{%%&

Qs/2 3Qs/2 5Qs/2
=d _1
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B Uniform
B No dead-zone
B Mid-tread

-3Qs/2 -Qs/2

>
DCT

Qs/2 3Qs/2 5Qs/2

1 -1 Coefficient
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H.261=F1t

—HEFILE \
N sor EFIELANIL
FoRY—uftE T

SRy RE
T+50/2

T+3g/2

T+q/2

>

DCT{%%&

T T+g T+2g
-T-g/2

{E5#5H / Signal Theory




B Uniform Quantized
Value

B Dead-zone A

m Mid-tread
T+59/2

T+39/2

T+g/2

>
DCT

T T+g T+2g
-T-g/2 Coefficient
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H.261=F1t (2)

B Intra mode (FL—LRFFILE—F)
— DCRR#IETYRY —2BL. EFIERTYITEESIZERE
B Inter mode (JL—LRBZERFSILE—F)
— TYRY—20% T=¢g
=2FILAXTYT g=29 (0=1,2,...,31)
LELVME t=ig (i=-127,...,-1,1,...,127)
EFILE g= (t+t.,)/2 (i>0)
(t+ti.)/2 (i<0)
IDCTERATyFLIE
e If(g; Is even)qg=qi-1
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B Intra mode (Intra-frame coding mode)
— No dead-zone for DC Coefficient, Quantization
Step=8
Inter mode (Inter-frame difference coding mode)
Example of dead-zone T=g

Quantization step g=2q (9=1, 2,..., 31)

Threshold t=ig (i=-127,...,-1,1,..., 127)

Quantization value gi= (t;+t,,)/2 (i=>0)
(t+ti.0)/2 (1<0)

IDCT mismatch process

e If(qg; Is even)g,=qi-1;
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B IDCTERVyFALE

ti (=19)

I=3

6

12

18

24
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B IDCT Mismatch Process

ti (=19)

I=3 =

6 8

12 16

18 24

24 32
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MPEG-1=F1k

B Intra mode (ZL—LRFESILE—F)
DCIR#IETYRY —2% L., EFIERATYTEZSIZEE
ACIZEITIPEG LR H+
TYRY =L, —HREFIEER
EFEY IO RER

B Inter mode (FL—LBESHFEILE—FK)

— DCi&#. ACIR#ELBITH. 261 &Rk
— TYRY—E—=FILH
— EFIETR)HREFEH
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B Intra mode (Intra-frame coding mode)
— DC coeff: no dead-zone, quantization step=8
— AC coeff is the same as JPEG
— No dead-zone, uniform quantizer
— Quantization matrix

B Inter mode (Inter-frame difference coding mode)
— DC coeffs and AC coeffs are the same as H.261
— Dead-zone, uniform quantizer
— Quantization matrix
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MPEG-12Fit (2)

B =F{vr)ORZAWN -=EFILANIE
— Intra, ACR#DE=FIL

16 X(u,v)xW, ..(u,v)/2

AlY)= W, (u,v)

A(u,v)=Eq

29
QAC—Intra( u ’V) = ZCIN ( u 1V)Wintra( u ’V)/ 16

N(u,v)=

{E5#5H / Signal Theory




B Quantization using Matrix
— Quantization to Intra, AC Coefficients

16 X(u,v)xW, . (u,v)/2

Intra

A(u,v)=

Wlntra( u ’V)

A(u,v)=Eq

29
QAC—Intra( u ’V) = ZCIN ( u 1V)Wintra( u ’V)/ 16

N(u,v)=
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MPEG-12F1t (3)

B =F{vr)ORZAWN -=EFILANIE
— Inter, DC+ACRE#I DO E Tt

16 X(u,v)xW, (u,v)/2

Inter

A(u,v)=

Wlnter( u ’V)

Qunger (U,V) = (2N (u,v) £ 1)qWiy, (U,v )/ 16
anter(u’v) = anter(ulv)$1 (If anter(uiv) . even)
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B Quantization using Matrix
— Quantization to Inter, DC+AC Coefficients

16 X(u,v)xW, (u,v)/2

Inter

A(u,v)=

Wlnter( u 1V)

Qunger (U,V) = (2N (u,v) £ 1)qWiy, (U,v )/ 16
anter(u’v) = anter(ulv)$1 (If anter(uiv) . even)

{E5#5H / Signal Theory




B =F{vrJOXR

Wintra(uN) Winter(uiv)
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Wintra(uN) Winter(uiv)
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MPEG-2=+F1t

B Intra mode (IL—LRFFILE—F)
— DCRR#IETYRY -l EFIERTYTEESIZEE
— TykY—%L, —#kEFILEE
— EFEINIORER
B Inter mode (FL—LRBESFEIELE—FK)
— TRV ftE—tk=FILEF
— EFEIMN)OREFER
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B Intra mode (Intra-frame coding mode)
— DC coeff: no dead-zone, quantization step=8
— No dead-zone, uniform guantizer
— Quantization matrix

B Inter mode (Inter-frame difference coding mode)

— With dead-zone, uniform quantizer
— Quantization matrix
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MPEG-28F1t (2)

B =F{vr)ORZAWN -=EFILANIE
— Intra, ACR#DE=FIL

16 X(u,v)+W, . .(u,v)/2

AlY)= W, (u,v)

A(u,v)xaq/b
2Q
QIntra—AC (u,v)=2agN(u,v )Wlntra( u,v)/16

N(u,v)=
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B Quantization by Matrix
— Quantization to Intra, AC Coefficients

16 X(u,v)+W, _(u,v)/?2

Intra

A(u,v)=

Wlntra( u ’V)

A(u,v)xaq/b
2Q
QIntra—AC (u,v)=2agN(u,v )Wlntra( u,v)/16

N(u,v)=
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MPEG-28F1t (3)

B =F{vr)ORZAWN -=EFILANIE
— Inter, DC+ACRE#I DO E Tt

16 X(u,v)+W, .. (u,v)/2

A(u,v)= W (uv)

A(u,v)

N(u,v)= (g:odd)

A(u,v)=xl
20
Quier (UV) =(2N(U,v) £1)gW

N(u,v)= (g :even)

(u,v)/16

Inter
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B Quantization by Matrix
— Quantization to Inter, DC+AC Coefficients

16 X(u,v)+W, .. (u,v)/2

A(u,v)= W (uv)

A(u,v)

N(u,v)= (g:odd)

A(u,v)=xl
20
Quier (UV) =(2N(U,v) £1)gW

N(u,v)= (g :even)

(u,v)/16

Inter
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IDCT= AV

B EEREETIDCTAETEINEESIZEIS

Good
| AstsupcT 2 | AxtsDCT

| BatsupCT Bt |DCT
Good

8x8 DCTMEt&E K
— EBBIC1U/AEBNTBRE D MNEET S
— Ak+2(K: B HALARNILNTFET B E
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B Happens when IDCT is operated different accuracy

Good
| AspcT A's IDCT

| e'soct B’s IDCT
Good

B 38x8 DCT operation
— Multiply 1/4 at the head of operation
— 4k+2(k:integer) level causes problem
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C(u)C(v)X(u,v)cos T

BHEFZR BEREICLYBRNEGD

x(n,m) =k +0.500000000... (k+1)
or
— k +0.499999999... (k)

{E5#5H / Signal Theory

(2n+1)uﬂcos(2ml+61)vﬂj



C(u)C(v)X(u,v)cos

(2n+1)uﬂcos(2m+1)vﬂj

16 16

Result varies by operation algorithm and accuracy

x(n,m) =k +0.500000000... (k+1)
or
— k +0.499999999... (k)
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B = EEDHIE
— H.261.. BHIEOIFHIL
— MPEG-1... E#EDCFHIL(OAMIZLEDITH)
= F{E DR ALIE
— MPEG-2... 8x8DCTR#M DS B RHDZRMDLSBE REx

W= FEDEIZUNIE
B IDCTHEDHEE
_ IEEE 1180 (Dec. 1990)
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T Mismatch Remedyvy

_______ 7

B Restriction to Quantized Value
— H.261... Oddification of even value

— MPEG-1... Oddification of even value (decrease 1
towards 0)

Process before inverse quantization

— MPEG-2... reverse LSB of a coefficient at highest
frequency in 8x8DCT coefficients
Process before inverse quantization
B Standard for IDCT Accuracy
— |EEE 1180 (Dec. 1990)
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