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Wavelet

B Wavelet is a technique to describe signal using a set of filters
having varied frequency and time axis resolutions based on a
basic filter

®  DFT(Discrete Fourier Transform) is a technique to analyze
signal using maximum frequency resolution in a long term

B Subband analysis is a technique to describe signal using
filters having certain frequency and time axis resolution

%A—*
WA~ H—

Fourier Transform Wavelet Transform
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Dx—JLvhk (2)

 ERROVI—TLYMES
— dilation: Ry —ILEEZ B/ NT4A—4 a [TLDEME
— translation: & 7h/85A—4 b [C&DBE

Xa,b(t ) = \/]-ax(t;b)

m Yr—JLyrOT—YIE#H

X,p(@)=vaX(aw)exp(-jab)
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Wavelet (2)

®  Continuous Wavelet signal
— dilation: operation by scaling parameter a
— translation: operation by shift parameter b

Xa,b(t):J%X('::))

®  Fourier transform of Wavelet

X.p(@)=vaX(aw)exp(~jab)

{855 / Signal Theory 6

{E5 185/ / Signal Theory




m J—IEH
X(a))zv[m x(t)exp(—jwt)dt
" ESOEA-BNNT HT—UTER

Ji x(gjexp(—jwt )dt :_[: X(s)exp(—jwas )ads S=

|~

=a[" x(s)exp(~j(@a)s)ds g5 -1t
a

Review

®  Fourier Transform
X(@)= [ x(t)exp(~jet)dt
®  Fourier Transform for expanded (shrunk) signal

[ x&]exp(— jot)dt=" x(s)exp(-jems)ads 5=

|~

=af” X(s)ep(-i(a)s)ds g5 Lot
a

=aX(aw) =aX(aw)
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EE (2 Review (2)

B EEOVINIHTETI-YITER
f x(t—b)exp(—jwt)dt:ka(s)exp(—jw(s+b))ds
=r; X(s)exp(— jws )exp(— jwb )ds

=exp(~job)[” x(s)exp(~jas )ds
=exp(~ jab)X ()

B Fourier Transform for shifted signal
f x(t—b)exp(—jwt)dt:ka(s)exp(—jw(s+b))ds
=r; X(s)exp(— jws )exp(— jwb )ds

=exp(—job)[” X(s)exp(~jes )ds
=exp(-job)X(w)

s=t-b s=t-b
ds =dt ds =dt
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Jx—JLvhk (3) Wavelet (3)
m dilationlZ&BEFKBOEIL i ®m  Signal variation by dilation

xa(t):%X@ X%(t):\/gx(%]
/\/\/\ /\/ V\ [
i /\ X2a(t):%){2t7a)

t
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Xa(t):ﬁX(gj X%(t):\/;x(gj
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Dx—JLvhk (4)

xg(w):\/%x[‘%”’j

w

X,o( @) =+2aX(220)

m  dilationIS&BHARILDEIE

X, (w)=+vaX(aw)

2

AL

@

{8533 / Signal Theory 13

Wavelet (4)

xg(w):\/%x[‘%”’j

[0)

X,o( @) =+2aX(220)

B Spectrum variation by dilation

X, (w)=+aX(aw)

2
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@
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Dx—JLyhrZEH

®  Translation N\SA—2ZAVWTEREEZER

\'AYA'Z
A\n
>
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Wavelet Transform

B Create orthogonal basis using Translation parameter

\'AYA'Z
A\n
>
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BRI —JLvk

m dilation & translation M/35A—42%Et#k1E
a=2", b=n2"
B EE T —J Ly EEES
_m
Xma(t)=2 2x(27"t-n)

B x(t) FERERCLER o) EEET DL Hy(2), Hi2) D>
1LRREEN(N), hy(n) IZHLTREMREYIID

HO=23 R(MK2-1)  o(t)=23 h(mM2t-)
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Discrete Wavelet

m  Discretized dilation and translation parameters
a=2", b=n2"
B Basis function of discrete wavelet
m
Xon(t)=2 2x(27"t-n)

m  Define function ¢(t) which is orthogonalized x(t),
consider hy(n), hy(n) which are impulse responses of
Ho(2), H,(2)

HO=23 R(MK2-1)  o(t)=23 h(mM2t-)
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IN—)LZE R

. RLEFHELY—TLuk
B EETLE Hy2), BET4ILE H(2)

1+z7t 1-z7*
\/E H1(Z)=

Ho(z)= %

d)(t):{l ogt<-1 L) lgd>(2t) lgq>(2t)
0 otherwise .
d(t)=0¢(2t)+¢(2t+1) »t -t

1
o(t)=¢(2t)—p(2t+1) 0 1 0 12
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Harr Transform
B The simplest wavelet
B LPF: Hy(z), HPF: H,(2)
1+ 1-z7
H,(z)=

7 (2) 7

1 oost<l 0O 6@
¢(t)—{0 otherwise .
d(t)=0(2t)+¢(2t+1) 0 st

o(t) = 0(2t)— (2t +1) i

Ho(z)=

>t 0!
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N—ILEH (2)

B 1RT8M/N—ILERITHI OB

Harr Transform (2)

®  1-D 8-point Harr transform matrix

X1t 1 1 1 1 1 1 1]x0)] X@O] 1 1 1 1 1 1 1 1]x0)]
X() {11 1 1 -1 -1 -1 -1]x1) X()| {11 1 1 -1 -1 -1 -1]x1)
11 -1-10 0 0 0 11 -1-10 0 0 0
00 0 0 1 1 -1 -1 00 0 0 1 1 -1 -1
11 -1 0 0 0 0 0 © 11 -1 0 0 0 0 0 0
00 1 -10 0 0 0 00 1 -10 0 0 0
00 0 0 1 -1 0 0 00 0 0 1 -1 0 0
Ix(@) [0 0 0 0 0 0 1 -1|x7) Ix(@)] [0 0 0 0 0 0 1 -1|x7)
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N—)LEHREE

B 8x8 N—ILEBDOEERINL
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Harr Transform Basis

B 8x8 Harr transform basis
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B ARNURTLIVBIN Y DIER

X(z)
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LLL

LLH

25

Octave Splitting

®  4-band (diadic) filterbank structure

LLL
LLH
X(z)
LH
H
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Fo5—T5E (2)

B FOE—THRENDTAILEND ) D RERK 4 (4band)

INT—
1

0 n/8 nl4 nl2 n
Bk
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Octave Splitting (2)

®  Frequency responses of ideal octave splitting filterbank
(4-band diadic)

Power
1
0 n/8 /4 n/2 n
Frequency
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VI—JLyhEBREE
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Wavelet Transform Image
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VI—JULyhERER (2)

B DWTEDCTORIEERBMR S (1/64)

Wavelet Transform Image (2)

®  The lowest frequency component of DWT and DCT
(1/64)
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RBREAFE DT E B

m  Excel [C&BERBIFEDHE

Example of Frequency Response

B Calculation of frequency response using Excel

,1 -1 11 1 L Ho L
Hu(z)fiz +§+ZZ :Z - HO(Z):12’1+1+121 12
A 47 24 "
H1(Z)=*ZZI+E+7121 05 Hl(Z)=7£Zl+1+—izl Z: N\\\\‘
* \ 4 2 4 04 \\
0
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JPEG 2000 JPEG 2000

®  Joint Photographic Experts Group
— ISO/IEC JTC1/SC29/WG1 TR
— BB ER(RGBESE YrD24E v H5—E1R)
— FEREMS A E TEGIC R AR RS
— x—JLvhk +EBCOT(HEMHFS1t)
— ISO/IEC 15444: 2000

m yr—JLwhk
— UIT4VY, BEEFI
— EBCOT(Embedded Block Coding with Optimized
Truncation), #3279 A D E#i#S1E(MQ-coder)

{855 / Signal Theory 35

®  Joint Photographic Experts Group
— ISO/IEC JTC1/SC29/WG1
— Still Image(RGB&8E wkM24E vk h5—E1])
— From lossy to lossless
— Wavelet +EBCOT(Arithmetic coding)
— ISO/IEC 15444: 2000

m Wavelet
— Lifting scheme, linear quantizer

— EBCOT(Embedded Block Coding with Optimized
Truncation), multi-context arithmetic coding(MQ-
coder)

{5535 / Signal Theory 36

S ¥ / Signal Theory




FA—ILIRR T4 IR & BHFER

B A—JLSRTAILEAZ)IZLBLPFEHPF

H, (2) :%{Z’ZMA(Z’ZH A@Z%)}

2
S

H, (2) = X2 {2 2% 1A 2) - A2 |
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Representation by All Pass Filter

m LPF, HPF are created by all pass filter A(z)

H,(2) :%{Z’ZMA(Z’ZH A%}

2
S

H, (2) = X2z 2% 1A 2) - A2 |
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A—ILIRRT4ILA

B RENRDA—ILIRRTAILE

All Pass Filter

®  N-th order all pass filter A(z)

N N
Yaz" Yaz"
A=z A=z
>az" >az"
n=0 n=0
nEREEE m  Frequency responses
N N N N
>"a, {cos(na) + jsin(na)} > a,sin(new) >"a, {cos(na) + jsin(ne)} > a,sin(nw)
Ae)y=zMr —— f(w)=—No+2tan 20— — A=z f(o)=—No+2tan 20— —
> a,{cos(nw) - jsin(nw)} a, cos(nw) > a,{cos(nw) - jsin(nw)} a, cos(nw)
= = = =
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o .
F—ILIRRT1ILA (2) All Pass Filter (2)
®  LPF, HPFO BRI (X EAR AL m  Frequency Characteristics of LPF, HPF are linear phase
kD) 1 Siked) 1
Ho(e)=v2 "2 COS{H(ZwH(k +§)w} Ho(e)=v2 "2 cos{é)(th(k +§)a)}
1 1
He)=v2 7 sin{a(zm)uk%w} Hye) =2 "7 sin{5(2z0)+(k+%)(u}
nRIBFER m  Amplitudes are in an orthogonal relation
[Hote™)" +|H, () =2 [Hote™)" +|H, () =2
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DIT4VTIZ&KBHEH

B )IF4UT (R)ICKDBEHILME
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Representation by Lifting

B Integer operation by (R)
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Gl

128 132 134 141
126 128 130 135
120 125 128 133
125 130 134 131
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B SZEH(y(1)=(a+b)/2, y(2)=a-b)Z LU T D2RTT—4I5#
A&

Quiz

B Apply S-transform (y(1)=(a+b)/2, y(2)=a-b) to the 2-
dimensional data below.

128 132 134 141
126 128 130 135
120 125 128 133
125 130 134 131
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