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Signal Theory

- No.7 Subband and Perfect Reconstruction -

Hiroshi Watanabe
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Subban

Processing samples having specified frequency range
by applying limited bandwidth filter
Filter is called “Subband Filter”

It equals to transform coding by applying decimation
and guantization to subband outputs

Application: Channel equalizer (Transmission
equalizer), Audio equalizer, Audio coding

In most cases, FIR filter
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Subband Filter

The simplest subband is two-band

Consists of Low pass FIR filter Hy(z) and High pass FIR
filter H,(2)

Subband output is down-sampled to 1:2 (subsample)

4 subband
1 output

—P—
—p—

0 subband
Filter’s frequency response output
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$ITRURTLILE (2)

m 2:157HY2T)L
x(n)

1 Ho(2)

L zevses

1 2:1 sub-sample
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Subband Filter (2)

B 2:1Subsample
x(n)

input signal

| | .

1 Ho(2)

ULl Filtering

>N

1 2:1 sub-sample

subsampled
subband output
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IN—TINKRD4)LA

B /\—TN\URTAILE H(EZ) DER . H(@  H,@
H(z)=H(z™")
H(z)+H(-z")=1

m EUREEE

— FEIREFIEX n/2 THHR
— WREITAILIFIEEMBE T 5E1T4HS

H(e')+H(-e'*)=H(e”)+H(e"))=1
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Halfband Filter

m Definition of halfband filter H(2)
H(z)=H(z")
H(z)+H(-z")=1

B Frequency response
— Symmetric at ©/2
— Sum of two filters response equals to 1

H(e')+H(-e'*)=H(e”)+H(e"))=1
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IN—DINVETA LA (2)

AVNIIVAGEDHEE

h(n)+(-1)"h(n)=05(n)
1/2 =0

h(n):{/ (n=0)

0 (n=even,n=0)

H(z)= ih(n)z‘n =...+h(-1)z' +h(0)z° +h(1)z " +---
H(z7)= Zw:h(n)zn =---+h(-1)z7" +h(0)z° +h(1)z" +---

H(—z )= jih(n)(—zy"=-~h(—2)z*-h(—1)z4=+h(0)z°

~h(1)z" +h(2)z?---
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Halfband Filter (2)

B Characteristic of impulse response

h(n)+(=1)"h(n)=4(n)
h(n):{1/2 (n=0)

0 (n=even,n=0)

H(z)= ih(n)z‘n =...+h(-1)z' +h(0)z° +h(1)z " +---
H(z7)= ih(n)zn =---+h(-1)z7" +h(0)z° +h(1)z" +---

H(—z )= ih(n)(—z)” —...h(=2)z 2 —h(-1)z"* +h(0)z°

~h(1)z" +h(2)z?---
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S=5— ——
I 7’]’)1/90)I-E$k N HO(Z) Hl(z)

H,(z)=H,(-2) 1
H,(e')=H,(e!“ ™)
h(n)=(-1)"hy(n) 0>

JE) IR B
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Mirror Filter

B Definition of mirror filter + Ho (@) H,(2)
H1(Z):Ho(_z) 1
hl(n):(_l)nho(n)

B Frequency response

— Symmetric at n/2

— Sum of two filters response
does not equals to 1
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v 1 vy vV v

B D4V AERER T4 ILAER

o [
ANES |, H,(2)

STTAILE BTN
n REBEHAOLH
Ho(=2)F(z)+H,(-2)F(2)=0
Ho(2)F(2)+H,(2)F(2)=22"
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B Analysis filters and Synthesis filters

o [ OO0 iY(z)
Input output
signal Hy(2) ‘B ‘b F1(2) signal

Analysis filter Synthesis filter

B Condition for Perfect Reconstruction
Ho(-2)F(z)+H (-2)F(z2)=0
H,(z)F,(z)+H,(z)F(z)=22"
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B SO Y T IILOzERRIF

1

Y(z):ﬁMZlX(zMexp(—jzﬁk/ M)

y(m)=x(mM)  x(n) ‘ ‘ |
| L

>

> N

y(m)I ‘

I|>m
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Perfect Reconstruction

B Z-transform representation for down sampling

1

M -1 1
=iZX(zM exp(—j27k | M ))
M S

> N

>

y(m)=x(mM)  x(n) ‘ ‘ |
| L

y(m) ‘
|

Il,m
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B A BT IEMEBATIILAEEE x(n) DEAIAH

()= 6(n-rMm )=ﬁleexp(j27znk/M)

B TILABEEIE n=...-2M,-M, 0, M, 2M... T 1, DB EIZIL 0
B EFRXADIE, FIZIEM=3 DEE, n=3k (k:E#%H) T1, HDIZFE0
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Perfect Reconstruction (2)

Down sampling is convolution of M period delta
function and x(n)

delta function i1s 1 at n=...-2M, -M, 0, M, 2M... , otherwise 0

Right side of above equation equals to 1 at n=3k
(k:integer) for M=3, otherwise 0
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B i(n) &x(n) DFEIE

. 1 M :
|(n)x(n):ﬁ2x(n)exp(—127znk/M)
k=0
B CORFzE#HBRINIE
1 M -1
—Zx(n)exp(—jZﬂnk/ M)z

ﬁi ix(n)exp( (o — 22K 1 M)

1M

X(zexp(—j27k [ M))
M S
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Perfect Reconstruction (3)

B Product of i(n) and x(n)

i(n)x(n):ﬁMZ_:lx(n)exp(—jZﬂnk/ M)

B By applying z-transform

o0 1 M-1
> Zx(n)exp(—jZﬂnk/ M)z ™"
— k=

n
-1

ix(n)exp( IN(w—j27k [ M))

X(z exp(—j27k [ M ))

k=0

{E5#5H / Signal Theory




X(z)= Y x(n)z"  (z=e)

N=—o0
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B z-transform

X(z)= Y x(n)z"  (z=e)

N=—o0

{E5#5H / Signal Theory




B Xx(s) DERLAY i(n)x(n) [THEBITIMLhZEhEcsET IV
HoTJ) T DzEMRITEED

1

Y(z):ﬁ“fxuﬁexp(—jznk/ M)
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Perfect Reconstruction (4)

B Decimation to 1/M by z-transform

B X(s) corresponds to i(n)x(n), so that we have z-transform
of down sampling

1

Y(z):ﬁ“fxuﬁexp(—jznk/ M)
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B 7Yy T IILDzERRIA

y(m) x(n)=y(n/M) Y(m)I ‘

1M > | » M

O

» 1
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Perfect Reconstruction (5)

B Z-transform representation for up sampling

y(m) x(n)=y(n/M) Y(m)I ‘

1|\/| > | » M

Ol

> N
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B GEEL, MBICHUT LT BE, zZEMTIEUTOLIIZRENDS

>H(n/M)z" = Y x(s)z ™ = X(2")
N=—00 — n:MS
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Perfect Reconstruction (6)

B Since M times up sampling is represented by z-
transform as follows

S x(n/ M)z =
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74{1/9'»’7“, B TYG 7yTHoTYG, T4ILAY
) R LI-ES Tz TRIET S

1 . .
Y(Z)= FO(Z)EZ HO(Ze_JZﬂk/Z )X(Ze—JZﬂk/Z )
k=0

1 . .
+F(z )EZ H,(ze **2)X(ze *™'?)
k=0
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Perfect Reconstruction (7)

B Cascade connection of filtering, down sampling, up
sampling and filtering is represented by z-transform

1 . .
Y(Z)= Fo(z)%z HO(Ze_JZﬂk/Z )X(Ze—JZﬂk/Z )
k=0

1 . .
+F,(2 )%Z H,(ze "™?)X(ze ?%'?)
k=0
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1 ) :
Y(2)= Fo(Z)%Z Ho(ze %)X (ze7*)
k=0

1 _ .
+F1(Z)%Z H,(ze 12412 )X (ze712%/2)
k=0

:%Fo(z)(Ho(z)X(Z)+ Ho(-2)X(~2))

+ER(2)(Hy(2)X(2)+ Hy(~2)X(~2))

4

:%(Fo(z)Ho(z)+Fl(Z)Hl(Z))X(Z)

+%(F0(Z)HO(—Z)+ F.(z)H, (-2))X(-2)
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1 ) :
Y(2)= Fo(Z)%Z Ho(ze %)X (ze7*)
k=0

1 _ .
+F1(Z)%Z H,(ze 12412 )X (ze712%/2)
k=0

:%Fo(z)(Ho(z)X(Z)+ Ho(-2)X(~2))

+ER(2)(Hy(2)X(2)+ Hy(~2)X(~2))

4

:%(Fo(z)Ho(z)+Fl(Z)Hl(Z))X(Z)

+%(F0(Z)HO(—Z)+ F.(z)H, (-2))X(-2)
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B AEAR—B (YQ)=X@) TB=HIZIE

V(2) =2 (Fi(2)H(2)+ Fi(2)Hy(2)X(2)

(R 2)Ho(-2)+ F(2)H, (-2 )X (-2)

IZHEWT, IIHEAELEELTZEL, 2IHEEN0THAHIED
WETHLHMD

Ho(-2)F(z)+H (-z)F(z)=0
H,(z)F,(z)+H,(z)F(z)=2z"
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Perfect Reconstruction (9)

B For input and output matching, (Y(2)=X(2))

V(2) =2 (Fi(2)H(2)+ Fi(2)Hy(2)X(2)

+§(Fo(z)Ho(—z)+ﬁ(z)Hl(—z»X(—z)

We need arbitrary delay for the 1st term and O for the
2nd term

Ho(-2)F(z)+H (-z)F(z)=0
H,(z)F,(z)+H,(z)F(z)=2z"
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2\ R J4)LA

B OMF (Quadrature Mirror Filter)
— STEBERTIEGOERMET LS
— FERBSEERFEICEND
H,(z)=Hy(-2)
FO(Z):Hl(_Z) Fl(z):_Ho(_Z)
B CQF (Conjugate Quadrature Filter)

— STEHERDOIFERGLEIT ILF(BHRFZEODHalfband
Filter)

Hy(2)=2 "D Hy(—27)
Fo(z):Hl(_Z) Fl(z):Ho(_Z)
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B OMF (Quadrature Mirror Filter)
— Linear phase filter, but not Perfect Reconstruction
— Better band splitting

H,(z)=H,(-2)
FO(Z):Hl(_Z) Fl(z):_Ho(_Z)

B CQF (Conjugate Quadrature Filter)

— Non linear phase, Perfect Reconstruction (even
order coefficients are O in Halfband Filter)

Hy(2)=2 "D Hy(—27)
Fo(z):Hl(_Z) Fl(z):Ho(_Z)
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2/\FJ4)LF (

B SSKF (Symmetric Short Kernel Filter)
— ERUMBADOEERT ILE

F(z)=H,(-2)
F.(z)=-H,(-2)
B SSKF(5,3) 743D ZRE DA

n FR#iE
0,4 | -0.125
Hy(2) 1,3 0.25

2 0.75
0,2 0.5

1 -1.0

H,(2)
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2-band filter (2)

B SSKF (Symmetric Short Kernel Filter)
— Linear phase filter, not orthogonal

F(z)=-H,(-2)

B Example of SSKF(5,3) filter

n Coeff.
0,4 -0.125
Ho(z) 1,3 0.25

2 0.75
0,2 0.5

1 -1.0

H,(2)
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N/ AR D4)LA

B N/AURIALILBINDDDRER

Ho(2)

X(2)
ANES

—| H,(2)

SHI4ILE ERI4ILE
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N-ban

B Structure of N-band filterbank

@ B

Analysis filter Synthesis filter
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NADET1ILE (2)

m BRI ILINVODREIREYEE (8band)

INT— %

1
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N-band filter (2)

B Ideal frequency response of filterbank (8-band)

Power %

1

Frequency
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N/AVET1ILE (3)

B ANVEDZEDYINUEE T

x(n)
|‘|||‘|‘I||H . 1) ANES

1 Ho(2)Z B R E 73D 7

Ll zevses

l 4:1 sub-sample
YIS T)LALEE

TR DY TURH
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N-band filter (3)

B Subband output at 4-band

x(n)
|‘|||‘|‘I||H >ninputsignal

l Sequential convolution of H,(z)

ULl filtering

> N

l 4:1 sub-sample

subsampled

. | ii I ] subband

output

{E5#5H / Signal Theory




NADET1ILE (4)

B 45DCTDBENERE

x(n)
|‘|||‘|‘I||H . 1) ANES

1 EREEZD,()ETS.
AR EIZEEHTE

L ] 4socTER

| bzEsacezsE

. DCT&#
e I :
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N-band filter (4)

m Coefficient of 4-point DCT

x(n)
|‘|||‘|‘I||H >ninputsignal

1 DC basis is Dy(z)
Transform to each 4 samples
L e ]| 4-pointDeT

l Apply Dy(z) at every 4 samples

A . DCT Coefficients
REENEN] ,
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B HO(z) O H1(2)

IIIIIIIHWH""“ ‘H‘ II|I|II

Q‘\,&% Q\‘\,b\%%q

o N N WAk a¥ q® qP o
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Example of Frequency Response
Calculation

B Calculation of Frequency Response using Excel

BHO(z) OH1(z)
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