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B Orthogonal Transform: Transform matrix is orthogonal
B 1-dimensional linear transform

a'N—l,O a'N—l,l

B Matrix representation
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X: EHBRBAIRIL(NXL)
A: ZH1THI(NXN)
X: AAXRTEIL(NxL)
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Orthogonal Transform(2)

B 1-dimensional N-point linear transform

X: Transform coefficient vector (Nx1)

A: Transform matrix (NxN)
X: input vector (Nx1)

B Presence of Inverse matrix is necessary

X =/
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Orthogonal Matri

B Transform matrix is orthogonal

— Arbitrary row vector and other row vectors are
orthogonal (column vectors have also the same
property)

— Transpose matrix equals to Inverse matrix
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B fTHIDERE: t (transpose)

{E5#5% / Signal Theory




Review

B Transpose of matrix: t (transpose)
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X: ZZREITHI(NXN)
A: ZHITHI(NXN)
x: AFITTHI(NXN)
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X: Coefficient matrix (NxN)
A: Transform matrix (NxN)
X: Input matrix (NxN)
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Discrete Fourier Transform
Hadamard Transform

KL Transform

Discrete Sine Transform
Discrete Cosine Transform
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X (k) = fx(n) exp(—j2mk/N)

x() :%NiX(k)exp(jZﬂnk/ N)
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Discrete Fourier Transform

B N-point Discrete Fourier Transform and Inverse
transform

X (k)= fx(n) exp(—j2mnk / N)

X(n) =%§X(k)exp(j27znk/ N)

Discrete frequency
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B I1-dimensional N-point DFT
X(0) 1 1
X(l) 1 e_jZﬂ/N coo e‘jzﬂ'(N—l)/N

X(N=1)| |1 elertm/N . grJzr(N-DIN-AR

B Matrix representation
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Characteristics of DFT

DFT coefficients
From N-point integer to N-point complex value

Coefficients are N real numbers and N imaginary
numbers

the number of data for coding application increased

to 2 times, thus not suitable for data compression

DC component can be represented by one
coefficient
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Hadamard Transform

Element of transform matrix are [+1, -1]
Simple orthogonal matrix, easy hardware realization

2n-th transform matrix can be derived from 2x2(n=1)-th
basic matrix

X (0) H X(0) o 1 1
{X(l)}_ Z{X(l)} 1 -

Expansion rule
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hO'=[1 111111 1]
h()'=f -1 1 -1 1 -1 1 -1
h2'= 1 -1 -1 11 -1 -1
h@3'=[1 -1 -1 11 -1 -11
h(4) [1 111 -1 -1 -1 -1
11 -1 -11 -1

h(7)t=[1 -1 -11 -111 -1
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Hadamard Transform(3)

B vector element of Hg

111111 1]

11 -11 -11 -1
1 -1 111 -1 -1
-1 111 -1 -11
111 -1 -1 -1 -1
11 -1 -11 -11
1 -1 -1 -1 -111
-1 -11-111 -1
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Walsh Transform

B Elements of Walsh Transform
W, are represented by different
order of Hadamard Transform’s
elements
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B W, [CKEEHDH
X (0) 1 1 1 17x0)
XM 1/1 1 -1 -1| xQ
X(2)| 2[1 -1 -1 1 |x©)
X (3) 1 -1 1 -1|xQ)
[ x(0) + x(1) + x(2) + X(3) |
~ 1 x(0) + x(2) —x(2) — x(3)
2] x(0) = x(1) — x(2) + x(3)
X(0) — x(2) + x(2) — x(3)
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Example of Walsh Transform

B Example of Transform by W,

X (0) 1 1 1 17x(©)
XMW | 111 1 -1 -1|xQ
X(2)| 2[1 -1 -1 1 |x©)
X (3) 1 -1 1 -1|x@

[ x(0) + X(D) + x(2) + x(3) |

~ 1 x(0) + x(2) —x(2) — x(3)

2] x(0) = x(1) — x(2) + x(3)

X(0) — x(1) + x(2) — x(3)
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B Picture of 8x8 Walsh Transform basis
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Characteristics of Hadamard
Transform

Very simple structure

Shape of basis is step like, thus difficult to approximate
smoothly changing signal

Cause step like (block) noise for signal compression
Low compression efficiency
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KL(Karhunen-Loeve)

B AHEES x(n) DESHEBETS R, ZRMA1E
B WACDOEOBRAERIMNEREARINLET DT
[ x(0)

W ko x@ - xn-D)

I _x(N.—l)_
r r@®) - r(N-1)
rd) r(0) :

; : r(.1)
' r(N-1) - r@® r()
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KL(Karhunen-Loeve) Transform

B Diagonalize auto-correlation matrix R,, of input signal
x(n)

B Basis vector of transform is eigenvector
- «(0) -

D k@ xw - x-)

I _x(N.—l)_
Cr@©0) r@® - r(N-1) |
rm rO '

; r(.l)
r(N-1) - r@ r()

{E5#5H / Signal Theory




KL(Karhunen-Loeve

L (O) L, (O) o yy (O)
L (1) L (1) o yy (1)

to(N -1) tl(N -1) - tN—l(N -1)
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KL(Karhunen-
Loeve)Transform(2)

B Diagonalize by matrix T which elements are
eigenvector t,

L (0) L, (0) o LY (0)
to (1) 1:1 (1) T t|\| -1 (1)

to(N -1) tl(N -1) - tN—l(N -1)
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k(0) x(0)
k(@)

X(1)

k(N —1) x(N —1)
LO)  L® o LIN-D T X ]
_ L, (O) L (1) o tl(N _1) X(l)

tN—l(O) tN—l(l) tN—l(N_l) X(N._l)
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KL(Karhunen-
Loeve)Transform(3)

m KL transform coefficient k(n) (n=0,..., N-1) for input signal
x(n) (n=0,...,N-1) can be obtained by

k(0) x(0)
k(@)

X(1)

k(N —1) x(N —1)
LO)  L® o LIN-D T X ]
_ L, (O) L (1) o tl(N _1) X(l)

tN—l(O) tN—l(l) tN—l(N_l) X(N._l)
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E[kk']=E[Tx(Tx)']

= E[Txx'T']
= TE[xX']T'
=TR_ T
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KL Transform

B KL Transform coefficients are not correlated each other
E[kk']=E[Tx(Tx)']
= E[Txx'T']
= TE[xx']T"
= TRXXTt

= diag [05 o;
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EAEREE...

E[k(n)k(m)] {

=0 (n=m)
0 (n=m)

E[k(0)k(0)] Ek@k@®] - E[k(O)k(N-1)]
E[kK'] = E[k(l?k(o)] E[k(l.)k(l)] - E[k(l)k.(N -1)]

E[k(N'—l)k(O)] E[k(N;l)k(l)] E[k(N—i)k(N—l)]
oo 0 - 0

2.
0 o

0

0 - 0 o,
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What is “not correlated”?

E[k(n)k(m)] {

£
E[k(0)k(0)] E[k(O)k(D)]

ey EOKOD EKOKQ]

ELK(N -DK(©)] ELK(N -DK(@)] --

oo 0 - 0

2.
0 o

0

0 - 0 o,
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E[k(O)k(N -1)]
E[k@k(N =1)]

E[k(N —i)k(N ~1)]
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Review

We need eigenvector t to diagonalize matrix A
How to obtain eigenvalue /? Characteristic equation.

(Al-A)t =0

Eigenvalue can be obtained by solving determinant of
the left term

Al-A=0

Matrix for diagonalization is a series of eigenvector
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Characteristics

Theoretically best performance to compact energy to
the low sequencies

Autocorrelation matrix differs depends on input signal
Thus, KL transform basis differs depends on each input
Needs to transmit basis vector to the receiver

Gives theoretical bound, not practical
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X (K) = %C(k)ix(n)sin(

x(n) = %ZN:C(k)X(k)sin(
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Discrete Sine Transform

B N-point Discrete Sine Transform(DST-11) and Inverse

(2n-1krx
2N

= %C(k)i x(n)sin(
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DST-1V

sin(wj (k,n=04...N —1)
AN
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DST-I11I

sin(wj (k,n=04...N —1)
AN
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Discrete Sine Transform(3)

Calculation of the first coefficient

(2n-1)x
X ()= C(l)Zx(n)sm( N j

The first basis of 4-point DST
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Picture of DST Basis

B Picture of 8x8 DST basis
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Characteristics of DST

B Cannot represent DC component by one coefficient
B Edge value of basis vector is zero
B Smooth connection of data with the neighbor section
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B NEDCT(ZA4TI1N) ... 1EF x(n), &E# X(K)

X (k) = %C(k)NZ_1 X(N) cos((zn +Dkz

X(n) = %Nz::lc:(k)x (k) cos((zn +Dkz

;;‘ﬁ

(k =0)

1
C(k) = {\/E
1 (k=0)
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Discrete Cosine Transform
(DCT)
m N point DCT(Type-Il) ... Signal x(n), Coefficient X(k)

X (k) = %C(k)NZ_1 X(N) cos((zn +Dkz

X(n) = %Nz::lc:(k)x (k) cos((zn +Dkz

where,

(k =0)

1
C(k) = {\/E
1 (k=0)

{E5#5H / Signal Theory




DCT-I111
(2k +1)n7

C(n) cos(

j (k,n=01,...,N -1

cos((zn +1D)(2k +D

1S j (k,n=01...,N —1)
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DCT-I111
(2k +1)n7

C(n) cos(

j (k,n=01,...,N -1

cos((zn +1)(2k +1) 7
4N

j (k,n=01..,N—-1)
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X (u,V) = %C(U)C(v)ilfx(n, m) cos( (Zn;er)sz cos( (2m2+N1)V7Z-j

1N-1 (2n+lux (2m+1vz
ZC(U)C(V)X(U,V)COS( N jcos( N j

x(n,m)=—N

u=0 v=

(u=0,v=0)

1
C(u),C(v)={\E
1 (u=0,v=0)
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Two-Dimensional DCT

B NXxN point 2-D DCT ... Signal x(n,m), Coefficient X(u,v)

() = —C(U)C(V)NleZ_lx(n ) COS((zn;gl-)u”jCOS((Zmz—'_Nl)Vﬂj

n=0 m=0

(2n+ur 2m+1vr
C(u)C(v)X(u v)cos( N jcos( N j

(u=0,v=0)
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t(u,m)= C(u)Zx(n m)cos(wj

2N

X(u,v)= 2C(V)Yt(u m)cos(%j

m=0
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Calculation of 2-D DCT

B Decompose to independent 1-D DCT with regard to
variables n, m

B Calculated as 2 times N point DCT

t(u,m)= %C(u)ilx(n,m)cos(

(2n+1)unj
2N

X(u,v)= \/%C(V)Nit(u,m)cos(%j
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SX8DCT

x(n,m), %%k X(u,v)
((ZH +1)U7zjcos((2m +1)V7zj
16

B 8x8m2X;kDCT .. &

5
X (u,Vv) = —C(u)C(v)Z?: Z x(n, m) cos

n=0 m=

16

((Zn +1)U7Zj cos( (2m +1)V7Zj
16 16

x(n, m) —ZZZC(U)C(V)X(U V) COS

u=0 v=0

QL-(u:Qv:m

Cu),C(v)=442
1 (u=#0,v=0)
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SX8DCT

B 38x8 point 2-D DCT ... Signal x(n,m), Coefficient X(u,v)
(2n+1)U7zjCOS (2m+1)V7zj
16 16

X (u,v) = —C(u)C(v)Z Z x(n, m) cos

n=0 m=

16

u=0 v=0

1
cu),cv =1y U=0v=0

1 (u=#0,v=0)
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B Basis Image of 8x8DCT




®

Bl # s (DCTHRE)
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Signal Domain Frequency Domain
(Pixels) (DCT Coeffs.)
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X (k)= C(k)f X(n) cos[

2
N

X(n) = %NZ‘fC(k)X (k)cos[
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—

X (k)= C(k)f X(n) cos[

2
N

X(n) = %NZ‘fC(k)X (k)cos[
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B DCT-III

X (k) = IiNiC(n)x(n)cos((ZkH)n”

X(n) = |flc:(n)szx(|<)cos((2k+1)””

B DCT-1V

X (k)= %Nz_llx(n) Cos(w

4N

2n+1)(2k +1D)
4N

X(n) = %sz X (k) cos(
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B DCT-1V

X (k)= %Nz_llx(n) Cos(w

4N

2n+1)(2k +1D)
4N

X(n) = %sz X (k) cos(
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B T—JIISEAK
F(0) too
F(1)

F(N _1) tN—l,O tN—l,l tN—l,N—l f(N _1)
B JOoSA
for(u=0; u<N; u++) {
for(x=0; x<N; x++) F(u) +=t(u,x)*f(x);
¥
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Programming

B Table Look Up

t0,0 1:0,1 tO,N—l

t1,1 T t1, N-1

tN—l,O tN—l,l tN—l,N—l
B Program
for(u=0; u<N; u++) {
for(x=0; x<N; x++) F(u) +=t(u,x)*f(x);
¥
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04935327 (2)

Al \ A 4

INFIDSABREICKAEREEZNDES
— Chen-Smith-Fralick®78—4952(2&%

PA=t AN
void dct_fast 1 8(short *datal, double *data2)
{
short i;
double a[8], b[8], c[8], d[8];
double pai, c14, c18, s18, c38, s38, c116, s116, c316, s316
c516, s516, c716, s716;
pai=3.141592654;
cl4=cos(pai/4.0);
c18=cos(pai/8.0);
s18=sin(pai/8.0);
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Fast Algorithm by Butterfly
— Chen-Smith-Fralick’s flowgraph

Program
void dct_fast 1 8(short *datal, double *data2)
{
short i;
double a[8], b[8], c[8], d[8];
double pai, c14, c18, s18, c38, s38, c116, s116, c316, s316
c516, s516, c716, s716;
pai=3.141592654;
cl4=cos(pai/4.0);
c18=cos(pai/8.0);
s18=sin(pai/8.0);
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c38=co0s(3.0*pai/8.0);
s38=sin(3.0*pai/8.0);
cl116=cos(pai/16.0);
s116=sin(pai/16.0);
c316=co0s(3.0*pai/16.0);

s316=sin(3.0*pai/16.0);
c516=cos(5.0*pai/16.0);
s516=sin(5.0*pai/16.0);
c716=cos(7.0*pai/16.0);
s716=sin(7.0*pai/16.0);
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B Contd.

c38=co0s(3.0*pai/8.0);
s38=sin(3.0*pai/8.0);
cl116=cos(pai/16.0);
s116=sin(pai/16.0);
c316=co0s(3.0*pai/16.0);
s316=sin(3.0*pai/16.0);
c516=cos(5.0*pai/16.0);
s516=sin(5.0*pai/16.0);
c716=cos(7.0*pai/16.0);
s716=sin(7.0*pai/16.0);
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e

for(i=0; i<4; i++) {
ali] = datalli] + datal[7-i];
a[7-i] = datalli] — datal[7-i];
by

b[0] = a[0] + a[3];

b[1] = a[1] + a[2];

b[2] = a[1] — a[2];

b[3] = a[0] — a[3]:;

b[4] = a[4];

b[5] = (a[6]-a[5])*c14;
b[6] = (a[6]+a[5])*c14;
b[7] = a[7];
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B Contd.

for(i=0; i<4; i++) {
ali] = datalli] + datal[7-i];
a[7-i] = datalli] — datal[7-i];
by

b[0] = a[0] + a[3];

b[1] = a[1] + a[2];

b[2] = a[1] — a[2];

b[3] = a[0] — a[3]:;

b[4] = a[4];

b[5] = (a[6]-a[5])*c14;
b[6] = (a[6]+a[5])*c14;
b[7] = a[7];
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c[0] = (b[0]+b[1])*c14;

c[1] = (b[0]-b[1])*c14;

c[2] = b[2]*s18 + b[3]*c18;
c[3] = -b[2]*s38 + b[3]*c38;
c[4] = b[4] + b[5];

c[5] = b[4] - b[5];

c[6] = -b[6] + b[7];
c[7] = b[6] + b[7];

d[4] = c[4]*s116 + c[7]*cl16;
d[5] = c[5]*s516 + c[6]*c516;
d[6] = -c[5]*s316 + c[6]*c316;
d[7] = -c[4]*s716 + c[7]*c716;
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B Contd.

c[0] = (b[O]+b[1])*cl4;

c[1] = (b[O]-b[1])*c14;

c[2] = b[2]*s18 + b[3]*c18;
c[3] = -b[2]*s38 + b[3]*c38;
c[4] = b[4] + b[5];

c[5] = b[4] - b[5];

c[6] = -b[6] + b[7];

c[7] = b[6] + b[7];

d[4] = c[4]*s116 + c[7]*cl16;
d[5] = c[5]*s516 + c[6]*c516;
d[6] = -c[5]*s316 + c[6]*c316;
d[7] = -c[4]*s716 + c[7]*c716;
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data2[0] = c[0]/2.0;
data2[2] = c[1]/2.0;
data2[4] = c[2]/2.0;
data2[6] = c[3]/2.0;
data2[1] = d[4]/2.0;

data2[5] = d[5]/2.0;
data2[3] = d[6]/2.0;
data2[7] = d[7]/2.0;
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B Contd.

data2[0] = c[0]/2.0;
data2[2] = c[1]/2.0;
data2[4] = c[2]/2.0;
data2[6] = c[3]/2.0;
data2[1] = d[4]/2.0;
data2[5] = d[5]/2.0;
data2[3] = d[6]/2.0;
data2[7] = d[7]/2.0;
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XTFR 2 DDFT

B85 x(n) NRERISHLTEMIFTHAHEE, FUTILRZEL/21Z(T
"HLE-XMB(-N, N-1)DDFTIZUL T TEZALNS

X (k) — i X(n) expEM}

2N

B EEOEMIHENS
X(—n=1) =x(n) (n=0,.,N-1)
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B When signal x(n) is even-symmetric at O, DFT of half-
sample shifted signal in the range (-N, N-1) is given by

X (k) — i X(n) exp[M}

2N

B It holds
X(—n=1) =x(n) (n=0,.,N-1)

by signhal’s symmetric nature
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XTFRE 2D DFT

X(K)= > x(n)exp (‘ jz”kz(L‘IH/ 2))

(— j27zk((—m—1)+l/2)j

S
Il
I
|_\

+
[
=
3
N
D
X
®)

2N

T3
= o

I
[]
=
=
D
X

27K (n+1/2)
p( 2N j
j27k(n+1/2)
o

>
Z
=)

H

{E5#5H / Signal Theory



— j27k(n +1/2)j
2N
—j2k((-m-1)+1/2)

2N

— j27k(n +1/2)j
2N
j27k(n +1/2)J
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22 DDFT(3)

\ 4

B [Fa(IaLTRXFZERODFTIEDCTIZELLY
B EEEHEHEBEVSEANLEkDBE. HETEIXEATELAEL
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DFT for Symmetric Wave(3)

DFT of signhals which is even-symmetric at O equals to

DCT
Image can be viewed symmetric signal in the statistic

sense
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DCTOFF 1

KLEBIGELMEE D — oo —~D/ND—&H
ERRDIELEDRBMTRINTES

FFTICE =\ 201 BEICKOEREEZEFEITAIHE
B[RSt (DCT-11), BE 51t (M-DCT, MLT)
— M-DCT: Modified DCT

— LOT: Lapped Orthogonal Transform

— MLT: Modulated LOT

{E5#5H / Signal Theory




Characteristics of DCT

Energy compaction performance to low sequency is
close to KL Transform

DC component can be represented by one coefficient

Fast computational algorithm exists like FFT’s buttery
computation

Image coding (DCT-I1). Audio coding (M-DCT, MLT)
— M-DCT: Modified DCT

— LOT: Lapped Orthogonal Transform

— MLT: Modulated LOT
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