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Signal Theory

- N0.3 Discrete Fourier Transform and
z-transform -

Hiroshi Watanabe
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X(a))zj_oox(t)exp(—ja)t )dt

K(t)==[" X(@)exp( jat)do
27T 4=
ERBIELT

X(@)="Y x(n)exp(~jnew)

N=—00

x(n):%IWwX(a))exp( inw)do
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Discrete Fourier Transform

B Fourier Transform and Inverse Transform is given by
X(w)zj” x(t)exp(— jat )dt

x(t):%wa(a))exp( jat)d

We can have discrete version as follows.

X(0)= "3 x(n)exp(~ jne)

N=—oc0

x(n):iﬁoX(a))exp( inw)do
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B J—YIEHBITIES x(n) DINT—NERTHAHEESEKRZTEHDON
5, n=0,1,...,N-1 &L, o L ERL LEOYTILTEZONSE
=, L=NAold, io—)IZEB;F EIRRKDLIITERZIN
3.

X(k)= Zx(n)exp( j2mk / N)

-1
l\\ll/ l\\l\l l\ \
0

n=
1

X(n)=—>» X(k)exp(j2mk/ N)
N

Bt R RIS A B IR 3
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Discrete Fourier Transform (2)

Fourier Transform has the meaning when the input
signal power is limited; such as the input x(n) is limited
as n=0, 1,..., N-1 and frequency wis also limited as L
sample. Fourier Transform Pair can be defined if L =N.

X(k):Nle(n)exp(—jZnnk/ N )

N 1

X(n)=— N LX(k)exp(JZﬂnk/ N )
k=0

Discrete frequency =
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aft A7 —') TR D51

-

B D —) I, HEBEZENZT N DFT (Discrete Fourier
Transform), IDFT (Inverse DFT) &BESS.

ARES x(n) BTV TE#FZZ XK £, XM [0, N-1] TRER
HGEZES. TS DOEETIE, EHICEE] N THRYIR TR
A

Rz IND—ARYK)L

0 N/2-1
JER #pEE X(K)
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Characteristic of Discrete Fourier
Transform

Transform Pair is called as DFT (Discrete Fourier
Transform), IDFT (Inverse DFT).

Both the input x(n) and Fourier Transform Coefficient
X(k) have discrete values in the range of [0, N-1].
Outside of this range, waves repeated in the period N.

Amplitude Power Spectrum

0 N/2-1
Signal x(n) Frequency X(k)
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Cofion)

x(n )exp(jZm{%— mj/ Njexp(— j2nz

o
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Characteristics of Discrete
Fourier Transform (2)

m When N is even, at the DFT of x(n), it holds

*:Complex conjugate

X(%erj nlx(n)exp( j2n;;(%+mj/Nj

- x(n )exp(JZnﬂ(g— mj/ Njexp( j2nz

x(n)exp(Jan(g—mj/ Nj
X (E—mj
2
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BE—) IEBRIFESORRAEETRE
EEDERMAERICAWNBRIBEIZIETIYHE LS O TAE
e

REHGEIEBTA-OIZ“BEAM ZHIS

RIEX)IZEBBEZwWO)ZHEMNT, y()=w(t)x(t) &5

Y(w):ijiW(w—r)X(f)df

Y(k):%NZlW(k—I)X(I)
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Discrete Fourier Transform assumes periodic signal
Discontinuity occurs when a part of signal is cut out
“Window function” is applied to reduce discontinuity

Modified signal y(t)=w(t)x(t) can be obtained from signal
X(t) by multiplying w(t)

Y(w):ijiW(w—r)X(f)df

Y(k):%NZlW(k—I)X(I)

{E5#5H / Signal Theory




L

0 otherwise

w(nT) =

B Hamming®&

0.54+0.46 COS(NZ—ﬂnj \n\ < %

0 otherwise

w(nT) =
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0 otherwise

B Hamming Window

0.54+0.46 COS(NZ—ﬂnj \n\ < %

0 otherwise

w(nT) =
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B BlackmanZ

0.42+0.5 cos( |\|27m

w(nT) =
otherwise

{E5#5H / Signal Theory




B Blackman Window

0.42+0.5 cos( |\|27m

w(nT) =
otherwise
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|
y(n) = x(2n)
z(n) =x(2n+1)
B W, =exp(-j22N)ET B EX(NDT—!) TEBRDIER
N/2-1

X(k)= > x@nWg™ + > x(2n+DW "
n=0 n=0

N/2-1 N/2-1

= Z Y(n)Wl\Tl/(z +W|\l|</2 Zz(n)WmTl/(z
n=0 n=0

=Y (k) +W.Z (k)
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Fast Fourier Transform

FFT Algorithm with Radix 2 (N=2m)

z(n) =x(2n+1)
Result of Fourier Transform of x(n) when W =exp(-j2/N)

N/2-1

X(k)= > x@nWg™ + > x(2n+DW "
n=0 n=0

N/2-1 N/2-1

= Z Y(n)Wl\Tl/(z +W|\l|</2 Zz(n)WmTl/(z
n=0 n=0

=Y (k) +W.Z (k)
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B Y(K), Z(K)IEN/2EDODFTTHY . /FE

Kk K—N/2

FYLUTZERS

Y (k) + W, Z (k)

X (k)= N
Y k—— |-WN?Z] k-
2 2
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Fast Fourier Transform (2)

B Y(k), Z(k) are N/2 point DFT, this symetricity holds

Kk K—N/2

Thus,

Y (k) + W, Z (k)

X (k) =
Y(k_ﬂ
2
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X(0) =Y (0)+W°Z(0) X (4)=Y(0)-W°Z(0)
XM =YD +W2Z@D) X(B)=YD)-WZQ)
X(2)=Y(2)+W2Z(2) X(6)=Y(2)-W2Z(2)

X(3)=Y(3)+W3Z(3) X(7)=Y(3)-W3Z(3)
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Fast Fourier Transform (3)

B Example: N=8

X (0) =Y (0) +W°Z(0) X (4)=Y(0)—W°Z(0)
XO=YD+WZQ) XG) =YD -WZQ

X(2) =Y (2)+W?2Z(2) X (6)=Y(2)-W?2Z(2)
X(3)=Y(3)+W3Z(3) X(7)=Y(3)-W3Z(3)
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O—
O—
O—
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O—
O—
O—
O—
O—
O—
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ATHEE x(n) [SHLT, Ho T BT HEARE
z=exp(jl2f,) ERET B, X(n) DzERBLUFERITRAT
EHEIND.

X(z)= Y x(n)z"

N=—o0

x(n)_—§ X(z)z"'dz

CHEFRTEICHITHEMA LD ERTIES
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Z-Transform

B To the input x(n), by defining the unit delay regarding
sampling as z=exp(jw/2f ), z transform and the Inverse
transform of x(n) can be given as

X(z)= Y x(n)z"

N=—00

x(n)_—§> X(z)z"dz

C: Circular integration on the unit circle
on the complex domain
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ZZ R (2)

b W

HEBFREIE S x(n) [(TXNTEIEEREATLOqILE)IE, A
HES x(t) ETAILEDAVINILAIGE h(n) DEHIAHTRIN
%

y(n)=x(n)*h(n)= ih(n—k)x(k)

A2 NILRGE h(n) IZEWT n BAERETHNIL, FIR (Finite
Impulse Response) 4 /LAEREIEN, ERICH#GETNIL, IR
(Infinite Impulse Response) FAJLALMEINS.

Y(z)=H(z)X(z)
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Z-transform (2)

B Linear invariant system (filter) to the discrete signal
X(n) can be represented by convolution of the input x(t)
and filter’s impulse response h(n).

y(ﬂ)=X(ﬂ)*h(n)=ih(n—k)x(k)

The impulse response h(n) is called FIR (Finite Impulse
Response) filter when n is limited, and is called IIR
(Infinite Impulse Response) filter if n is not limited.

Y(z)=H(z)X(z)
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B FTEBEATLOzZERIZLDRETD

Y(z)=H(z)X(z)

X(2)

— H(2)

rh [+ Thq

X(0) X(1) X(2) .. h(0) h(1) . h(N-1) O DIV2)Y(3) ..
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B Representation of linear invariant system by z
transform.

Y(z)=H(z)X(z)

X(2)

— H®@

T‘r [+ Thq

X(0) X(1) X(2) . h(0) h(1) .. h(N-1) (0 (1)y(2)y(3) ..
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(220D xt it

[ B4

B ANEE X (z

)=a,+a,z " +a,z " +a,z2"°

B AUNIILRIGE m »
H(z)=h,+h,z" +h,z

B HAES
Y(z)=H(z)X(z)

=h,a, +(h,a, +ha, )z +(h,a, +ha, +h,a, )z

+(h,a, +ha, +h,a, )z~ +(ha, +h,a,)z* +h,a,z”
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Coefficients

| — _ _
SN X (2)=a, +a,z " +a,2 7 +a,2"°

B Impulse Response

H(z)=h, +hz™" +h,z”
B Output
Y(z)=H(z)X(z)

=h,a, +(h,a, +ha, )z +(h,a, +ha, +h,a, )z

+(h,a, +ha, +h,a, )z~ +(ha, +h,a,)z* +h,a,z”
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4@*&0)"’1 Ity 2

B REDER

Yo = hyay

y, =hya; +h,a,

Y, =ha, +ha +ha,
y; =ha; +ha, +ha
y, =ha; +h,a,

Ys = hzas
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B Relation of Coefficients

Yo = hyay

y, =hya; +h,a,

Y, =ha, +ha +ha,
y; =ha; +ha, +ha

Yy = h1a3 + hzaz

Ys = hzas
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B Transfer
function
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YO =T

B A2/NLRES x(nN)=0n) DzZEH#E
=1
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B 7z transform of the impulse signal x(n)=d&n)

B z transform of the step signal (n) {1 n>0
X(n)=

0 n<o0
1

X(Z)zl—z‘1
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B z(n)=ax(n)+by(n) MzZEHrlE

Z(z)=aX(z)+bY(z)
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Characteristics of z-transform

X(z)= L

l1-az™

B 7z transform of the signal z(n)=ax(n)+by(n)

Z(z)=aX(z)+bY(z)
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