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Signal Theory

- No.3 Discrete Fourier Transform and
z-transform -

Hiroshi Watanabe
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B o—) T

n BEIESOT—UIERELCEERE
X(w)=f x(t)exp(— jet )dt

X(t):%ﬁX(w)exp( jot)do

ZREARIELT

o

X(w)= Y x(n)exp(-jnw)

n=-o

x(n):iﬁx(a})exp(jnw)dw
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Discrete Fourier Transform

B Fourier Transform and Inverse Transform is given by
X(w)=f x(t)exp(— jet )dt
1 .
x(t):—j X(@)exp( jat)do
27 =

We can have discrete version as follows.

X(0)=3 x(n)exp(~ jne)

n=—w

K= | X(@)exp( ine)do

{855 / Signal Theory a4

BRI — )T (2)

B J—UYIEBRIFES x(n) DAV —AFRTHLLEEHREF DN
5,n=0,1,..,N-1 &L, 0 £4FRA LEOYUTILTEZLNDE
&, L=NALE MEI—)IEHEMERROLSICERSN
3.

N-1
X (k)= x(n)exp(-j2ank / N)

T
x(n):ﬁzx(k)exp(jka/ N)

k=0
————————
BRI A R IR
° wk=% (k=0,1,-,N-1)

N
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Discrete Fourier Transform (2)

®  Fourier Transform has the meaning when the input

signal power is limited; such as the input x(n) is limited
as n=0, 1,...,N-1 and frequency wis also limited as L
sample. Fourier Transform Pair can be defined if L =N.

N-1

X(k):ix(n)exp(—szmk/ N)
n=0
X(n):%fx(k)exp(j&mk/ N)
k=0
—————

Discrete frequency o, =% (k=0,1,-,N-1)

{855 / Signal Theory 6
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BERR T — ) TR OB

n EERO—)IER, $E#EZhTh DFT (Discrete Fourier
Transform), IDFT (Inverse DFT) &FES.

B AHES x(n) HT7—UTEBRFER X(K) b, X [0, N-1] THERR
HIGEZ LS. ThUSNOEETIE, ELIZEH N TRYERT KRR
&%,

R INT—RRGM L

¥ooWo PNy 0 N1
S x(n) FEREEE X(K)

&% / Signal Theory 7

Characteristic of Discrete Fourier
Transform

B Transform Pair is called as DFT (Discrete Fourier

Transform), IDFT (Inverse DFT).

®  Both the input x(n) and Fourier Transform Coefficient
X(k) have discrete values in the range of [0, N-1].
Outside of this range, waves repeated in the period N.

Amplitude Power Spectrum

¥ooWo PNy 0 N1
Signal x(n) Frequency X(k)

&% / Signal Theory 8

BB — ) IEBDOEE (2)

m NABEDEE, x(N)DDFTIZHVT
N N N .
x[3+m]fx (Tm] (=012 WEAG
MRYID. LEHED

X(%er}:i‘lx(n)exp[—j2nn(%+m}/ N]

z =

g/

x(n)exp[janz(%—m)/ N)exp(— jonz)
:N x(n)exp(jZn”(%—mj/ N)
= x'(ﬁ,mJ

2
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Characteristics of Discrete
Fourier Transform (2)

B When N is even, at the DFT of x(n), it holds
X E+m =X ﬂ,m (m:0,1,-~,ﬁ) *:Complex conjugate
2 2 2
since

X(%er}:i:x(n)exp[—j2nn(%+m}/ N]

z =
i

1

g/

x(n )exp[janz(%— m)/ N )exp(— jonz)

2 x(n)exp(jZn”(%—mj/ N)
(i
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RlRE AT

 EBO—)IRBIESORHANERE

B EEOEREBEFICAVSIEEICITYYH LS O TRE
#eld

B TEGEERT IO BEKEANS

uREX)ISEEHwWZENT, yt)=wxt) £5D
1 =
Y(w):—_[ W(w-17)X(r)dr
27 o

Y(k):%NZjW(k—I)X(I)

{855 / Signal Theory 11

Frequency Analysis

m  Discrete Fourier Transform assumes periodic signal
Discontinuity occurs when a part of signal is cut out
B “Window function” is applied to reduce discontinuity

®  Modified signal y(t)=w(t)x(t) can be obtained from signal
x(t)by multiplying w(t)

Y(w)=$ﬁW(w—r)X(r)dr

Y(k):%NZjW(k—I)X(I)

{855 / Signal Theory 12
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FIR SR (2)

n AWE
-1
w(nT) = 1 ‘n‘gi
0 otherwise

®  Hamming®&

N -1
W(nT) = 054+046005[ j Inj<——=
0 otherW|se
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Frequency Analysis (2)

B Rectangular Window

N-1
w(nT)={1 ‘n‘g 2

0 otherwise

B Hamming Window

W(nT) = 054+046005[ j Inj<——=

0 otherW|se

&% / Signal Theory
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RlREET (3)

®  Hann(ing)&
2m N-1
0.5{1+cos| —— n<——
w(nT) = [ [N—lﬂ i 2
0 otherwise

m  Blackman®

0.42+0.5005( ,j””ljm 08003( J Inj<——=

0 otherW|se

w(nT) =

{855 / Signal Theory 15

Frequency Analysis (3)

®  Hann(ing) Window

2m N-1
0.5{1+cos| —— n<——
w(nT) = [ [N—lﬂ i 2

0 otherwise

®  Blackman Window

w(nT) =

0.42+0.5005( 2z J+0 08003[ Am J In| <
N-1 N-1

N-1
2

0 otherwise

{855 / Signal Theory
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EET—) L

n EH2OFFT7 LTI X L(N=2m)

ym=x@n o N
z(n) =x(2n+1) 2

B W =exp(-j22IN)&F B Ex(NDT—) TEBRDIER
N/2-1
X(K)= D x@mWwi™ + ZX(Zn FLw ek

n=0
N/2-1 N/2-1
0

= Z (MW, + Wy,

=Y (K)+W,Z (K)

z(n)WN T2

n=

{855 / Signal Theory 17

Fast Fourier Transform

B FFT Algorithm with Radix 2 (N=2™)
y=x@) N
z(n) =x(2n+1) 2

®  Result of Fourier Transform of x(n) when Wy=exp(-j27/N)

N/2-1
X(K)= D x@mWwi™ + ZX(Zn FIw ek

n=0 n=0
N/2-1 « N/2-1
VMW, + Wy, D Z(MWS,
=0 n=0
Ev(k)+w,52(k)

{855 / Signal Theory
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WK = kN2
N TN
FYLTERD

Y (K) +W Z (k) 0<k<

2
X(k)=
Y[k—ﬁ)—wmmzz(k_ﬁ] Eg k<N-1
2 2) 2

ERI7—)IEHR (2)

® Y(k), Z(K)IEN/2EHDDFTTHY . R

-1
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Fast Fourier Transform (2)

m Y(k), Z(k) are N/2 point DFT, this symetricity holds

k _ k-N/2
WN - _WN

Thus,

Y (K) +WZ (k) 0<k<

2
X (k) =
Y[k—ﬁ)—wmmzz(k_ﬁ] Eg k<N-1
2 2) 2

&% / Signal Theory
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m ffl: N=8

X (0) =Y (0)+W°Z(0)
X@)=Y@)+W'Z(@)
X(2)=Y(2)+W?3Z(2)

X@)=Y@R)+W*Z(3)

EE7—IEH (3)

X (4) =Y (0)-W°Z(0)
X(5G)=Y@D)-WZQ)
X(6)=Y(2)-W?Z(2)

X(7)=Y(3)-W3Z(3)

Fast Fourier Transform (3)

B Example: N=8

X (0) =Y (0)+W°Z(0)
X)) =Y@)+W'Z(@1)
X(2)=Y(2)+W?3Z(2)

X@)=Y@R)+W*Z(3)

X (4)=Y(0)-W°Z(0)
X(5G)=Y@D)-WZQ)
X(6)=Y(2)-W?Z(2)

X(7)=Y(3)-W3Z(3)

{855 / Signal Theory 21 {855 / Signal Theory 22
> — Sy e -
NS EE Butterfly Operation
x(0) o— X(0) x(0) o— X(0)
i 45DCT i sy | 45DCT i
x4 o—{ " X(2) x(4) o—{ " X(2)
X(6) O—s X(3) X(6) O— X(3)
x1) o— | X@ x1) o— | X@
ey 4/5DCT N8 ey 4/5DCT N8
x5) o—f X(6) X(5) o—f ™ L X(©)
x(7) o— X(7) X(7) o— X(7)

{855 / Signal Theory 23
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z &R

B AAES x(n) [THLT, YTV T ISET HEALRE
z=exp(jal2f,) EMETBE, x(n) DzEBRBLUHERIIRAT
EEIhD.

o0

X(z)= Y x(n)z"

x(n):gljix(z)z"’ldz

CHERTAICETHHMALOREMES
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Z-Transform

B To the input x(n), by defining the unit delay regarding
sampling as z=exp(jo/2f,), z transform and the Inverse
transform of x(n) can be given as

X(z)=ix(n)z’n

x(n):iljix(z)z”’ldz

C: Circular integration on the unit circle
on the complex domain

{8533 / Signal Theory 26

ZZH (2)

u EREREIES x(n) ISHTEEERB AT L@ILE)IE, A
FTEB x(t) ETANEDAILRIEE h(n) DBHAHTERSN
%

y(n)=x(n)xh(n)= > h(n-k)x(k)
k=—o0
B AU/LRIEE h(n) [2ELT n BAERTHNIIE, FIR (Finite

Impulse Response) 74 /)LAEIEEN, FERICHEGET L 1IR
(Infinite Impulse Response) 74 /LA EMEENS.

Y(2)=H(z)X(2)

{855 / Signal Theory 27

Z-transform (2)

B Linear invariant system (filter) to the discrete signal
x(n) can be represented by convolution of the input x(t)
and filter’s impulse response h(n).

y(n)=x(n)xh(n)= > h(n-k)x(k)
k=—0
B The impulse response h(n) is called FIR (Finite Impulse

Response) filter when n is limited, and is called IIR
(Infinite Impulse Response) filter if n is not limited.

Y(z)=H(2)X(z)

{855 / Signal Theory 28

zZ 1 (3)

B EEEMURATLOZERIZEDRT

Y(z)=H(2)X(z)

X(2) Y(2)

—_—)

T]? [s The

x(©) x(1) X(2) .. h(©) h() .. h(N-1) vy (LY @)y(3) ..

{855 / Signal Theory 29

Z-transform (3)

B Representation of linear invariant system by z
transform.

Y(z)=H(z)X(z)

X(2) Y(2)

TI? [+ The

x(©) x(1) X(2) . h(©) h() .. h(N-1)  y(O) 1)y @)y(3) ..

{855 / Signal Theory 30
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FREB DO IG

n AKEF X(z)=a0+alz’1+azz’2+a3z’3

B AURILRIEE 1 )
H(z)=h,+hz™ +h,z"

n HAHES
Y(z)=H(z)X(z2)
=(h,+hzt+hz?)(a,+a,z" +a,27 % +a,27%)
=hya, +(hya, +hay )z +(hea, + ha, +h,a, )z
+(hya, +ha, +h,a, )z +(ha, +h,a, )z +ha,z®
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Coefficients
" Input X(z)=a,+az +a,z2 +a,2°
B Impulse Response
H(z)=hy+hz " +h,z?
m  Output
Y(z)=H(z)X(z)
=(hy+hzt+h,z?)(ay+az ' +a,27 % +a,27°)
=hya, +(hya, +hay )z +(hya, + ha, +hya, )z
+(hya, +ha, +h,a, )z +(ha, +h,a, )z +ha,z®

{581k / Signal Theory 32

FHEDOX (2)

. REORMRK

Yo =hody

Yy, =ha, +ha,

¥, =hya, +ha, +h,a
Y3 = hoas + hlaZ + h2a1
Yo = h1aa + hzaz

Y5 = hzaa

{855 / Signal Theory 33

Coefficients (2)

m  Relation of Coefficients

Yo =hody

Yy, =ha, +ha,

¥, =hya, +ha, +h,a
Y3 = hoas + hlaZ + h2a1
Yo = h1aa + hzaz

Y5 = hzaa

{855 / Signal Theory 34

MizESARER

u EERERRS R T L
iz:;aiy(n—i):i;bjx(n—j)

L Z%?ﬁ’éi@ﬁﬁ i
Y(z)ZN:aiz’i = X(z)ibjz’J
u EEE&I; . M
> bz

H(Z) - Y(Z) _ =0

X(@) <,
> az
i
{855 / Signal Theory 35

Linear Differential Equation

®  Discrete time system
N . M i
>ay(n-i)=>bx(n-j)
i=0 =0
®  Application of z-transform
N . M
Y(2)Y 8z =X(2)) bz
i=0 =0

B Transfer

M
function ijZ’J
Hi Y@ i
O @ e,
> az”
P
{855 / Signal Theory 36
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2D

B AUNLRIEE x(n)=4n) DzZ#k

Characteristics of z-transform

® 7z transform of the impulse signal x(n)=&n)

B z(n)=ax(n)+by(n) DzZE (L
Z(z)=aX(z)+bY(z)

{855 / Signal Theory

X(z)=1 X(z)=1
m ATVTES 1 n20 Dz m  z transform of the step signal 1 n>0
X(n)_{o n<o : )={° n<o
X(z2)=1—7
X = 1-z
(2) 1-z7
&% / Signal Theory {8533 / Signal Theory 38
Characteristics of z-transform
ZEROTEH (2) A
m =8 ar n>0 (% m 7z transform of the signal a" n>=0
x(n):{ = x(n)= 0
0 n<0 n<0
1
1 X(z)= =
X(Z)zl—az’l 1-az*

® 7z transform of the signal z(n)=ax(n)+by(n)

Z(z)=aX(z)+bY(z)

{855 / Signal Theory 40
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