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- No.2 Fourier Transform and

Spectrum Analysis -

Hiroshi Watanabe

{E5#5% / Signal Theory




—-—

BEE xt) DZEE + KR [0, 7] IR TUOWVNIE, x@) IFERE
TEHMRICEYT—)IHRHERTES

o0

x(t)= ch exp( j2nnt/T)

n=—0

CZIS, C, - IRBDFZEHTHD

[ T ,
C, :?L x(t)exp(—j2nnt /T )dt
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Fourier Series Expansion

When variable ¢ of function x(?) is limited to the range
[0, T], x(t) can be expanded to Fourier Series since it is
an orthonormal function series

x(t)= ch exp( j2nnt/T)

Nn=—00

Where, C, is a coefficient of Fourier Series.

[ T ,
C, :?.‘-0 x(t)exp(—j2nnt /T )dt
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B J—IRBEHEADBRZONDESIE, [0,T] DRET x(1) IZ
—H95h, TOMDEFETIE, COXRBERLESERYIRT.
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Characteristics of Fourier Series
EXpansion

Signal obtained by Fourier Series Expansion matches to
x(¢) in the range of [0,T]. It repeats the same signal
outside of the range.

The unlimited number of frequency components
(Fourier Series coefficient) appears.

Amplitude Power Spectrum
P L Lk S Il I[H

- LA ) [ ] >
w0 VT ;-
Signal x(2) Frequency
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Characteristics of Fourier Series
Expansion(2)

m Parseval’s Theorem (Energy Preserving Theorem) ...
Limited power in the time domain corresponds to the
total power in the frequency domain.

Amplitude Power Spectrum

l/\\A unHH'HHHu.

0 \r 0

Signal x(2) Frequency
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7—1) TR ERF O FE(3)

m DT EER

x(t)= ch exp(j2nnt/T)

n=—ao

C,=a,, C =(a,—jb )2 (n=12,-)
ERINNIE, ND—BLUOGEBEARIRNVIERATEZONS

C.[ =(a;+b])/4
0 =tan”'(b /a,)
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Characteristics of Fourier Series
Expansion(3)

B |et the Fourier Series Expansion be

x(t)= ch exp(j2nnt/T)

n=—ao

Let coefficients be
C,=a,, C =(a,—jb )2 (n=12,-)

Power Spectrum and Phase can by obtained by
2,2 2
Cl =(a’+b’)/4
_ -1
O =tan (b ,/a,)
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B IR0E 4, 18 d 5/NLRE x(t) DEFZRT—) IHRBEREZRD K

] ¢7T/2
C”:?-‘. Aexp(—jont )dt

-T/2

T -d/2
_Ad sin(nwd/2)
T nod /2

EA?d-Sinc(na)d/Z)

_é{exp(—jna)t)r/2

— jnow
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Quiz

B Obtain Complex Fourier Expansion of the series of
impulse signal having amplitude 4, and width d

c =" 4 ont )d
; —JiTU exp(—jwnt )dt

— Jnw

:é{exp(—jna)t)}d/z

T -d/2
_Ad sin(nawd/2)

T nwd /2

E%d-Sinc(na)d/Z)
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B Sinc Function
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Fourier Transform

m At Egn.(2.1)(2.2), make T—w, move I/Tin C, to Series,
rewrite 7C, to X, , we have

(2.3)

(2.4)

Then we replace variables as
2nrw
T

Further, we can obtain Fourier Transform Pair by taking T—o

2, = (2.5)
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m D—YIER(O—)ITER T-)IFEER)
X(f)=F(x)=| x(t)exp(~j2afi )dt

x(t)=F7(X)=[ X(f)exp(j2nft)df

m =(2.1)TIREMED 7] SHIBLEA, ThEHET L
(2.8)

x(t)=[" X(f)exp( j2nft)df (2.9)
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Fourier Transform(2)

B Fourier Transform Pair

X(f)=F(x)= x(t)exp(~j2aft )di
x(t)=F7(X)=[ X(f)exp(j2nft)df

m At Eq(2.1), we restrict the range to [0, 7]. Here, by
removing this restriction, we have the next pair.

X(f)=], x(t)exp(~j2zft
x(t)= [ X(f)exp(j2aft)df
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B o=27fEEEFTRANIE, T—UIEBERIIRATRIND

X(w)=| x(t)exp(~jot)dt

x(t)——j X(w)exp( jor )dw
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Fourier Transform(3)

m By replacing o=2xf, we can obtain Fourier Transform
Pair.

X(w)= j " X(t)exp(— jot )dt

xX(t)=— j X(w)exp(jot )dw
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B J—)IZBMOEDANESIL x1) &, RKiE[-c0,00] TEZSN
, #&Y)BRULIES TIE%LY.
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Characteristics of Fourier
Transform

B At Fourier Transform, the input signal x(z) is defined in
the range [-00,00], and not repeated.

B Spectrum obtained by Fourier Transform is continuous.

Amplitude Power Spectrum

0 0
Signal x(2) Frequency
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m R
ax,(t)+a,x,(t) & aX(w)+a,X,(ow)

Y(t)=x(t) & 2np(-w)=X(w)

B R R O RRifE
1

x(at) < ~ x| &
q \a
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Characteristics of Fourier
Transform(2)

B Linearity
ax,(t)+a,x,(t) < aX(w)+ta,X,(w)

B Symmetry
Y(t)=x(t) & 2mn(-w)=X(w)

B Time Expansion

x(at) < LXQ
a| \a
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B BFfEEMOD HEFS

x(t—t,) < X(w)exp(—jt,w

B UKD

exp(jo)x(1) = X(o-,)
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Characteristic of Fourier
Transform(3)

B Time Axis Shifting

x(i—t,) = X(@)exp(—ji,0)

B Frequency Axis Shifting

exp(jo)x(1) = X(o-,)
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B X)) DT—)IEEN X(w) THHEE, x(t-t) DIT—)TEHM
X(w)exp(-jt,w) THHZEZFEAE &

Iwwx(f—to)exp(—ij)dt = jwwx(s)exp(—jw(s+to))ds

=exp(—jot, )foo x(s)exp(—jws )ds
= exp(—jot, ) X(@)
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Quiz

When Fourier Transform of x(z) is X(w), Prove that the
Fourier Transform of x(z-¢)) becomes X(w)exp(-jt,w).

Iwwx(f—fo)exp(—ij)dt = joooox(s)exp(—ja)(s+to )ds

=exp(—jot, )J: x(s)exp(—jws )ds
= exp(—jot, ) X(@)

Change Variable
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B x() DT—YVIEMMN X(w) THEHEE, expljop)xt) DIT—)ITE
M X(w-w,) THAHAZEZFFIAE K
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Quiz

B When Fourier Transform of x(?) is X(w), Prove that the
Fourier Transform of exp(jw,t)x(t) becomes X(w-w,).
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B IRIE 4, 18 d HAIMIL/NILR x(t) DIT—IE#RERD K

X(w)=["" Aexp(~jot)ds

d/2

:A{exp(—ja)t)}d/z

—Jw —d/2

dsin(a)d/Z)
wd /2

= A4
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Quiz

Obtain Fourier Transform of the isolated impulse x(z)
having an amplitude 4, and width 4.

X(w)=["" Aexp(~jot)ds

d/2

ot d/2
_ A{@XP( “jo )1
—Jw dd/2

:Adsin(a)d/Z)
wd /2
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foo5 (t)e " dt =1
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Fourier Transform of Delta
function

B Fourier transform allied to delta function 6(z) equals to 1

foo5 (t)e " dt =1
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BRI DR, (1), x, I L TEEFE D (BEAAATED) [T
TOEIITKOBNS

Y0 = [ x(Dx,(t—1)dr

s *ERAW-EEA

y(t) =x,(2)*x,(2)

{E5#5% / Signal Theory




Convolution Integral

LI | L | -1 Al

m Convolution integral for time domain function x,(?), x,(t)
can be obtained as follows

v = x(0)x,(t-)dz

m Notation* may also be used

y(t) =x,(2)*x,(2)
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BHS (2)

H%FEjﬁEﬁ@Fﬁ%le(t), x,(1) DEEBEDYO)DIT—IIEBRY(0)FZ
NZNORFRBIBEAMD T IEERX (0, X,(0)DFEIZED

V(@)= y(t)e ' dt

— j e’ U_ x,(7)x, (- Z')dZ':|dt

r+oo r+oo ot
:J J ./»2 Z')é’ / th dT
—o0 —o0

- f:xl (r)e 7" X, (w)dt
= X, (0)X, ()
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Convolution Integral (2)

B Fourier transform Y(w) of convolution integral y) for
time domain functions x,(?), x,(t) can be obtained by the
multiplication of Fourier transform X,(w), X,(@w) which
correspond to x,(2), x,(2)

V(@)= y(t)e™dt

- j: o [ f:xl (7)x,(t - Z')df}dt

=[x (7)[ [ Tx(- r)e_j"”dt}df

- f:xl ()" X (w)dt
= X,(0)X,(w)
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B e FE I D BE hx (1), x, ) DY D T— ) TEHBIIENENDD
—)IEEX (w), X)(w) DEEEDY(0)|Z12n BT T-{EIZ75

V()= yt)e’™dt

_ f“’xl ()x, (H)e '™ dt

] o

ZZT. x,(0)=x,1), o=0THNILParsevalDFEXNEFELNS

X, (o)X, (w—o)lo
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Convolution Integral (3)

Fourier transform of function y()=x,(t)x,(t) is convolution
integral of X,(w) and X,(w) divided by //2n

V(@)= y(t)e™dt

_ f“’xl ()x, (H)e '™ dt
1

X (o)X, (w-0o)do

We can obtain Parseval’s theorem when x,(®)=x,(t), o=0
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