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Signal Theory

- No.2 Fourier Transform and
Spectrum Analysis -

Hiroshi Watanabe
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7—) TR BUER

B ) OEH AR [0, 7] ISR TURIE x@) [FERE
XEMRICKYTI—)IRMERTED

x(t)= ch exp(j2mnt /T ) (2.1)

n=—o

e e ——
B CClIS, G, [FT—IIRBDOFRETHD

17 .
C, =FJ‘0 x(t)exp(—j2nnt /T )dt (2.2)
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Fourier Series Expansion

m  When variable ¢ of function x() is limited to the range

[0, 71, x(2) can be expanded to Fourier Series since it is
an orthonormal function series

x(t)= ch exp(j2mnt /T )

7 1\
) (2.1)
——
m  Where, C, is a coefficient of Fourier Series.
1T .
C, =FJ.0 x(t)exp(—j2nnt /T )dt (2.2)
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Characteristics of Fourier Series
Expansion

m  Signal obtained by Fourier Series Expansion matches to

x(t) in the range of [0,7]. It repeats the same signal
outside of the range.

®  The unlimited number of frequency components

(Fourier Series coefficient) appears.

Amplitude Power Spectrum

l/\'\ . nlI““i”“iln
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Signal x(1) Frequency
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7—) TRBERDHH(2)

B A= NLOFB(IRVF—REDELD) ... BHEEETERD
RO —[ERBMBEETD/AT—DBRMIZ—HT S

1, < 2
?L x (t)dt—n;an
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Characteristics of Fourier Series
Expansion(2)
m  Parseval’s Theorem (Energy Preserving Theorem) ...

Limited power in the time domain corresponds to the
total power in the frequency domain.

; .
Ferf(t)art= e

2

Amplitude Power Spectrum
[/»\A ..|||||||||||||..
0 T 0
Signal x(2) Frequency
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n T IHRBERA

x(t)= ZC,, exp(j2nnt/T)

1ZBLT,
C,=a,, C,=(a,—jb,)]2 (n=12,-)
ERESMNE, NT—BLCRHARIMNLERKTEZ BN S
C.[ =(a? +b?)/4
0,=tan”'(b,/a,)

Characteristics of Fourier Series
Expansion(3)

m Let the Fourier Series Expansion be

x(t)= ZC,, exp(j2nnt/T)

n=-o

Let coefficients be
Gy =ay, C,=(a,~jb,)/2 (n=12,-)
Power Spectrum and Phase can by obtained by
2 2 2
C,| =(a, +b] )4
0’1 = tan71 (bn /an)
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Eif! Quiz

uRIE 4, 18 d 725/ LRF x(1) DERI—IHRBERERDE

C - 1 ¢r/2 4 . d
,,—;Lu exp(—jont )dt

d/2
_é|:exp(—jnwt):| M Ay
T e |, i,
_Ad sin(nod /2) Eiche

T nod /2
EA—;-Sinc(na)d/Z)

{5535 / Signal Theory 11

m  Obtain Complex Fourier Expansion of the series of
impulse signal having amplitude 4, and width 4

T/2 .
C, = J:T/z Aexp(—jont )dt

_é{exp(—jnwt)]w J *
el iR
_Ad sin(nod/2) a2 1z !
T nod /2
EA—d~Sinc(na)d/2)
T
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Sampling Function

m SincE#% m  Sinc Function
Sinc(x)= s x Sinc(x)= s x
1 1
//\ ! /'\\ 2 //\ ! /\\ ¥
-3z —2Mﬂ 0 7r\-/27r 3 -3 —2Mﬂ 0 7r\-/27r 3r
{8533 / Signal Theory a8 {8533 / Signal Theory 14
J—) L Fourier Transform
B K(2.1)(2.2)I=BNT Tox &L, C, ITBFEND I/TERBIHL, TC, m At Eqn.(2.1)(2.2), make T—», move //Tin C,to Series,
X, LBEETE rewrite 7C, to X, , we have
T nrw T 2nrx
= _ iz 2.3 = B ndiiad 2.3
X, —_L x(l)exp[ J T t})’t (2.3) X, _L x(t)exp[ J T tjdt (2.3)
1 2nw & 1 ( 2nzw \
t)=) —X, j——t (2.4) x(t)= X, ex, t (2.4)
x(1) Z‘;T nexp[J T j (1) Z‘;T LEAR
ERYEHIT Then we replace variables as
2nrx 1 2nrx .1 )
T, L4 2.5) T o, Log (2.5)
T 7 T v T 7 T v

EBVTT—o OBREEDET— ) IEBAERFS.
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Further, we can obtain Fourier Transform Pair by taking 7—w«
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7—ITEH(2)

m J—UIE@R(I-YTER T THEER)
X(f)=F(x)=[ x(t)exp(~j2nf)dt (2:6)
x(O)=F'(X)=[" X(f)ewp(j2nfi)df  (27)

n X (2.1)TREMZ, 7] ZHIBLIAS, ThERETHE

X(f)ZJ‘:x(t)exp(—jZM)dt (2.8)
x(t)=[" X(f)exp(j2nft)df 2.9)

Fourier Transform(2)

m  Fourier Transform Pair
X(f)=F(x)=[ x(t)exp(~j2nf)dt (26)
x()=F'(X)=[ X(f)ewp(j2nfi)df  (27)

m At Eq(2.1), we restrict the range to [0, 7]. Here, by
removing this restriction, we have the next pair.

X(f)=[" x(t)exp(~j2aft)at 2.8)
x(t)=[" X(f )exp(j2aft )df (2.9)
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J—1) TEH#(3)
B o2r EBERANE, T—)IEBAGRATRENS
X(o)=[" x(t)exp(-jor dt

X(l)=ir X(w)exp(jor )dw
27 -

[ e
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Fourier Transform(3)

m By replacing =2z f, we can obtain Fourier Transform
Pair.

X(w)= j’; x(t)exp(— joot )dt

x(t)= if‘; X(w)exp( jot )dw

N P s
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7 T EBDRH

B J—UIEBMOBDANESE x@) &, RfE[-c0,0] TEZRSI
 BYBLIES TIFALY.

B J—UIEBROBRBONDIARIMNUITERARINLTHS.

#RIE IST—ZRRGR L
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Characteristics of Fourier
Transform

m At Fourier Transform, the input signal x(?) is defined in
the range [-c0,00], and not repeated.

m  Spectrum obtained by Fourier Transform is continuous

Amplitude Power Spectrum
N\ ~ /+-\
0 \,J [ 0
Signal x()

Frequency
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7—) IEBDOFH(2)

n iRt

ax,(t)+a,x,(t) < aX(o)+a,X,(w)
n R

Y(t)=x(t) < 2m(-0)=X(o)
n EfE SO i

x(at) & LX(Q)
o~ \a
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Characteristics of Fourier
Transform(2)
B Linearity
ax,(t)+a,x,(t) < aX(o)+a,X, (o)
B Symmetry
Y(t)=x(t) & 2m(-0)=X(o)

m  Time Expansion

x(at) & LX(Q)
o~ \a
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T—)IEHDEH(3)

n EfEEOHER
x(t=t,) < X(w)exp(—jt,®)

n ERHEOERE
exp(jot)x(t) < X(o-o,)
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Characteristic of Fourier
Transform(3)

m  Time Axis Shifting
x(t—t,) & X(w)exp(—jt,w)

m  Frequency Axis Shifting
exp(jot)x(t) < X(o-w,)
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Gl

B x() DITYIEBRD X(o) THHESE, x(r-1) DIT—JTEHRM
X(wexp(-jtyw) THAHIEZIRE &

I nx(t —t,)exp(—jot )dt = I mx(s)exp(—ja)(s +1,))ds
=exp(—jei, )| x(sjexp(—jas )ds

=exp(—jor,)X(w)

s N,
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Quiz

m When Fourier Transform of x(?) is X(w), Prove that the
Fourier Transform of x(-t,) becomes X(wexp(-jtyw).

I nx(t —t,)exp(—jot )dt = I mx(s)exp(—ja)(s +1,))ds
=exp(—jei, )| x(sjexp(—jas )ds

=exp(—jor,)X(w)

Change Variable s=t-1t,
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Gl

B () DT—Y)IEERD X(o) THIEE, expliopxt) DT—)TE
B X(0-0,) THHEEZRRAE L
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Quiz

m When Fourier Transform of x(?) is X(w), Prove that the
Fourier Transform of exp(jwyt)x(t) becomes X(w-w,).
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el
B IRIE 4, 18 d IRBIMIL/ LR x(t) DIT—)TEBRERD &

d/2 .
X(w)=[ Aexp(~jot)dt

_ A|:exp(—jw t):|d/2 Al__lx(f) t

—jo 214/

—d/2
sin(wd /2)
wd/ 2

=Ad
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Quiz

m  Obtain Fourier Transform of the isolated impulse x(t)
having an amplitude 4, and width d.

d/2 .
X(w)=[ Aexp(~jot)dt

a/2 4 x(1)
_ A{exp(—jwt)}
- : -d/2 Va2
—Jjo —d/2
- 4d sin(wd /2)
wd /2
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TIWEEHDT— ) TER
" FASERAET—ITERT HEULS
[Tswerar=1

X(t) X(w)
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Fourier Transform of Delta
function

m  Fourier transform allied to delta function &) equals to 1
a0 et
j S(t)edt =1

x() X(w)
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EEED

n EREEEOBEY 1), x,0) IS L TERES (BAHAHESD) (T
TOESITRDHEND

¥ = JjX. (@)x,(t—7)dr

n RESXERAVNEES

Y(0) = x,(1) * x,(1)
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Convolution Integral

m  Convolution integral for time domain function x,(), x,(?)
can be obtained as follows

Y0 =[x @ -n)dz

m  Notation* may also be used

Y(0) = x,(1) * x,(1)
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EEWES (2)

BB DB (1), x,() DEBED (DT ITERY (0)EZ
NENDEREISEROT—) TEHX (o), X(0DFEIZES

(@)= [ yoe " dt
[ [ nde|ar
o] onmonal
= fw x (e " X, (w)dt

=X (0)X,(®)
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Convolution Integral (2)

Fourier transform Y(w of convolution integral y(t) for
time domain functions x,(1), x,(z) can be obtained by the
multiplication of Fourier transform X,(w), X,(® which
correspond to x,(1), x,(1)

Y(@) ="y dt
- I: e"”‘[fx X, ()%, (£ = r)dr}dt
- J‘j:x‘ (T)[J::xz (- T)ewu’dt}dz'

= j:xl(r)e*-wxz (@)dr
=X(0)X,(®)
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EEEITEE (3)

BB DB, (1), x,() DIy () DT I ERITZNTL DT
—)IEHX (@), Xo(0) DEBED V()IZ12n&#T1-1EI1D

Y(@)= [y dt
=[x, (e dr
1 oo
=—[ X)X, (0-0)Mo
27 4=
ZCT. x,(0)=x,(1), o=0THN(ELParseval DEXHMELND
- 1o )
Lx ()t =—— L\X(w)\ dw
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Convolution Integral (3)

Fourier transform of function y(y)=x,(t)x,(?) is convolution
integral of X,(w and X,(w divided by //2n

Y(0) = jm Y(t)e 7 dt
- f”xl (O)x,(t)e "™ dt
1 e
=[x (@)X, (0-0Xo
27 -
We can obtain Parseval’s theorem when x,(1)=x,(1), v=0
o 1 oo 2
x*()dt=—| | X (o) do
[ rwd=——[|x@)
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