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Analog Signal to Digital Signal

Pre-filtering: Cut High Frequency Component
Sampling: Discrete in Time Domain
Quantization: Convert Value to Finite Digits

Pre- samolin Quanti-
Filtering PiNg zation
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Input Signal Output Signal
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PCM

B PAMT—EANDI=—IFEDEIYHT

Digitized, Quantized Signal Restored Signal

B Digitized Samples —— Input Signal — Restored Signal — Input Signal
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PCM

B Unique Code Assignment to PAM Data

Digitized, Quantized Signal Restored Signal

B Digitized Samples —— Input Signal — Restored Signal — Input Signal
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Digitized and quantized signal Restored signal

{E5#5% / Signal Theory




b, 2" +b, 2" 440, 2" + b 2°

bb, ;---bby bbb | b ot o
-1 -m

10

= Zn:bizi

10

10110 =2%+2°+2' =16 +4+2 =22
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Binary and Decimal Numbers

B Binary Representation
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B Example

10110 =2%+2°+2' =16 +4+2 =22
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Level#k Bit Code
1 0,1
2 00, 01, 10, 11
3 000, 001, 010, 011, 100, 101, 110, 111

00...0, ...
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Binary Code

B Level and Bit Numbers

Level#s Bit Code
2 1 0,1
4 2 00, 01, 10, 11
8 3 000, 001, 010, 011, 100, 101,
110, 111

00...0, ..
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PCM%

Codeword Quantized Signal
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Codeword
0]0]0)
001
010
011
100
101
110
111

Quantization Level
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Quantized Signal

O Quantized Signal
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Level Codeword Compression by Reducing Q-Levels
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Basic Data Compression —
Reducing Number of Quantization Levels

Codeword Compression by Reducing Q-Levels

00 B Digitized Samples —— Input Signal
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Codeword Compresson by Reducing Sampling
000 Frequency

001 B Digitized Samples —— Input Signal

010
011
100
101
110
111

Quantization
LEvel
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FE: 111 110 011 100 001 111/ 18 bit
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Basic Data Compression —
Reducing Number of Samples

Codeword Compresson by Reducing Sampling
000 Frequency

001
010 *
011
100
101
110
111

Quantization
LEvel
OFRLNW,AM,UUIO N

Time: 1 2 3 4 5 6
Level: 7 6 3 4 1 7
Code: 111 110 011 100 001 111/ 18 hit
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Time Analogue signal Value
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B Calculation of Quantization step d

a=2Y/

V:Maximum value of input

B Example L : number of quantization levels

N . number of bits for code

When V=2.2, n=4, L equals to 16, thus,
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Quantitative Analysis

B Quantization Error Power:
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E=HIEENT (4)

B = F{bICKASNREEEXHES L)

{E5#5H / Signal Theory




SNR(dB) = 20log,, ~* =

Ogq

B Variance of Input signal: (maximum value for image
processing)
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=10log,, 12L°

=10(log,, 3+2log,, 2)+20log,, 2" §109,, 2=0.301
=10.79+6.02n log,, 3=0.477

1bit 6aBMD ;%A
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4V ?
d?/12

SNR(dB)=10log,,

=10log,, 12L°

=10(log,, 3+ 2lo0g,, 2)+20log,, 2" 109, 2=0.301

=10.79+6.02n |Og10 3=0477
Rule: 1bit 6aB
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Sampling

B Can we recover original analog signal from sampled
digital data?

Slowly Changing Inputs Rapidly Changing Inputs

Looks like recoverable Looks like requesting fine
even with coarse sampling sampling

1928 Harry Nyquist predicted, 1949 Claude Shannon & Isao Someya proved
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Sampling Theorem (1)

There Is a significant relation between a sampling
period and the maximum frequency of an input signal

Shannon’s Sampling Theorem (Nyquist Theorem):

— “If the frequency component of an input signal x(t) is
less than f (Hz), we can recover the original
continuous signal from sampled data by setting
sampling interval less than 1/(2f_)”

Nyquist Interval: T=1/(2f_ ), Nyquist Frequency:2f_
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X(f)= jo“’ X(t) exp(— j2ft)dt

X(t) = jfjm X (f)exp(j27ft)df

X(f)=YC, exp( j2nfn/(21,))
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Sampling Theorem (2)

Fourier Transform Pair with Limited Frequency
Bandwidth

X(f)= f X(t) exp(~ j2ft)dt

X(t) = jfjm X (f)exp(j27ft)df

Fourier Series Expansion of X(f) can be written as

X(f)=3C, exp( j2ntn/(21,))
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Sampling Theorem

B Where C, is written as follows

B Shape of X(f)
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Sampling Theorem (4)

B Substitute (3),(4) to (2), we obtain
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ZNIEH TG RERADL = 1/(2f) (TEIEND L. B A
FES x(t) DEEBMIICH U TILEShT=ES (PAMIES ) x, LIEFE
HAEELRIB R D4 L AD A/ LR IEEN (NS BIRTESIE
ZRLTLVS,

= sin2xf_(t—nAt)
X(f) = X ———=*
O n:Z_OO " 24 (t—nAt)
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B The result shows that the continuous input x(t) can be
recovered from sampled sequence (PAM signal) x, and
the ideal low-pass filter’s impulse response h(t) if the
sampling interval is chosen to Dt = 1/(2f )

= sin2xf_(t—nAt)
O n:Z_oo " 24 _(t—nAt)
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B O\ TAORIZERBFIN A —TAHES
— 16EwkPCM
- *wav J74JL(PC/WS)
— BAEREKEFE: 0 - 22.05 kHz
— YUTJYLY R 441 kHz
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Exampl

B Audio Recorded in Compact Disk
— 16bit PCM
— *.wav file in PC/WS
— Playback Frequency Range: O - 22.05 kHz
— Sampling Frequency: 44.1 kHz
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X(t)= > C,exp(j2ant/T)

ZZIS. C, [IFT7—NITRHBDFZHTHS

== j2mt/T)d
”_?Io X(t)exp(—J2nt/T)dt
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B Fourier Series Expansion

— If variable domain of function x(t) is limited [0, T],
X(t) can be expanded by Fourier series (complex
trigonometric functions)

x(t)= 3C, exp(j2mt/T)

— Here, C, is Fourier Series Coefficients

C,== j2mt /T)d
“_?jo X(t)exp(—J2nt/T)dt
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Review: Sum

B Representation for Summation of Series

n

DX =X Xy e X

=1
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B Indefinite Integral: Integral without Range, Anti-
derivative

jsin X dX = —CoSs X
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X=a+ b, y=c+]d

ETHE

xy =(a+ jb)(c+ jd)
=ac+ j°bd + j(ad +bc)
=(ac—hd)+ j(ad +bc)
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B Complex Number has imaginary part |
j=+-1

B When we have two complex numbers,

X=a+ b, y=c+]d

Addition and Multiplication of these numbers are
xy=(a+ jb)(c+ jd)

=ac+ j°bd + j(ad +bc)
=(ac—bd )+ j(ad +bc)
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B sin, cos, tanld, EQLIIZEEZINSAMI?

(X=2zcosf)

(y=1zsinf)

(tan @ = ﬂ)
cosd
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Review: Trigonometric Function

B How can sin, cos, tan be defined?

(X =2c0s0)

(y=1zsin0)

(tan 0 = ﬂ)
cosd
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B EHERONERLUVEDERIL?

ele” = ¢
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B How exponential function can be represented?

B Addition and Multiplication
of exponentials ?
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EE  18%

E2 (2)

v N %

B EHSICEREZREOES, TOHOEKE?
el? =cos@+ jsing

B ERBFHEBOREE?

ejaejb _ ej(a+b)

B EFEERAOFAX?
— BRORIEHEHHE
— JOJS LIRS
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Review: Exponential Function
(2)

What is the number having Imaginary number in exponential
part?

el? =cos@+ jsing

Multiplication of these numbers

Im: Imaginary Axis

ejaejb :ej(a+b) j aif

Advantage of this expression
— Simple wave notation

— Easy programming 1= Re :Real Axis
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B =1 THHIE%E, el 0=r2)Z=RTIEAE &
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Exampl

B Prove j?=-1 by using e ?(6=72)
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B U )IRFERIEXREHRTHD

B FHEAMIEREMTERTES (GEEoEARARMD/NT—H
HETHEHHMD)
— FEHEARE x()=x(t+nT)
— EXEHNEHIF

— BA% x,(t) & x,(t) DROBEFZREFOEE

1 (72
T 2™
X,(1) & () [4E8 [-T/2, T/2] IBLTERT 3

, (t)dt =0 SR E T
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Fourier Series Function is Orthogonal Function

Periodic function can be expanded by Orthogonal
Function since the power of basic domain is limited

— Periodic function x(t)=x(t+nT)
— Orthogonal Function: Inner Product equals zero

— When function x,(t) and x,(t) has the next relation

1 ¢1/2 "

— *:Conjugate
T J-1/2 2

X;(t) and x,(t) are orthogonal in domain [-T/2, T/2]
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EfR (3)

B NJMNLDEXERNTE
— BEXANIML {v,v,} ZEXEELES
— {v, VLY E RESHN1DEE, EFREXRRTHHEMES
— FEEODAARIMLY E v, &EV,OEBERBEETRINDS

—

y=_CV,+C,V,
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B Orthogonal and Inner Product at Vector
— Orthogonal Vectors {v,,v,} are called orthogonal
basis
— {v., Vv, } are called orthonormal when they are unit
vector (size 1)

— Arbitrary input vector y can be described by a linear
combination of v, and v,

y=0_CV,+C,V,
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By, Ly, BUTOEI2RFTEAIMLTHDEE, BRLTAS

B ROANJML T2 v, & v, TERREE

21
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Exampl

B Show the orthogonal characteristic when v, and v, are
the following
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B Extension to n-dimensional vector

f =cv,+C,Vv,+:--+C.V,

n —_
=Y cV,
=1
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= ABEKITESE [, p) CEHRERREZLT
{1, «ECOS X, x/ESin X, \Ecos 2X, «/Esin 2X, -}

ir 2cosnxcosnxdx =1
27T 97

ir 2sinnxsinnxdx =1
27 97

ir 2cosmxsinnxdx =0
27 T
ir 2cosmxcosnxdx =0
27 47

ir 2sinmxsinnxdx =0
2 7

(n=12,--) ir«Ecosnxdx=O
27w o7

(n=12,--) irxﬁsinnxdx=0
27 o7

(n=12,--)(m=12,--")
(n=12,--)(m=12,--)

(n :1’2’...)(m :1’2’...)
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iJ'”2cosnxcosnxdx:1 =12, i_[”\/Ecosnxdx:o (n=12,---
27 97 27 o7

— [" 2sinnxsinnxdx =1 n 1 " J2sinnxdx =0 (n=12,--")
272- - 272' /4

ir 2cosmxsinnxdx =0 (n=12,--)(m=12,---)
21 o7
ir 2cosmxcosnxdx =0 (n=12,--)(m=12,--)
27 o7

ir 2sinmxsinnxdx =0 (n=12,--)(m=12,---)
2w "
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B FHTLLEM) DET—UIHRMERIIAXTEZLND

f(t)=a,+) (a,cosnapt+b,sinnagt) (@, =27/T)

n=1

1

== f(t)d
aO_?J.o (t)dt
an:TELTf(t)cosna)otdt (0 =27/T,n=12,-")

b, :TEIOT fFOsinnaotdt (@, =27/T,n=12,--)
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B Real Fourier Series Expansion of f(t) with period T
f(t)=a,+) (a,cosnapt+b,sinnagt) (@, =27/T)

n=1

1 o7
%:?Lfamt

a :TELT f()cosnagtdt (@, =27/T,n=12,--)

b, :TEIOT fFOsinnaotdt (@, =27/T,n=12,--)
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£l (7)

BT AR (1) DERT ) ITRBEFHFIRATEZ NS

1 e1/2 _
C, == j_m f (t) exp(= jnayt) dt
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B Complex Fourier Series Expansion of f(t) with period T

f(t)= Y.C, exp(jnagt)

N=—o0

 f O exp(- Ineyt)
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