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Stoc

If series {x,} Is not deterministic but stochastic, its
characteristics are given by expectation and auto-

correlation

Stochastic mean (expectation)

Auto-correlation function

I/‘(I/l, m) = E[(xn - 'fn )(xn+m X m )]
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When expectation and auto-correlation function of {x, }
do not depend on time #, it is called “stationary

process.” Expectation can be set to O without loss of
generality.

Stochastic mean (Expectation)

Auto-correlation function

r.(m)=Elx,x,.,]
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Characteristics of Auto-
correlation function (1)

B Auto-correlation function of stochastic series {x,} has
the following relation.

B Proof (By Cauchy—Schwarz inequality)
E[‘xn 11 m] E[xl’l+m n m+m]:E[ n+m I’I] E[xll n+m]

) < Bl 1< Bl ) e, ) < £l

‘E[x
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¢, (m)=E[x,y,..]
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Characteristics of Auto-
correlation function (2)

B Cross-correlation function ¢(m) can be defined by two
stochastic process {x,} {v,}-

¢, (m)=E[x,y,..]

B Here, two relations are hold.

¢ (m)=c (-m)=c (m)
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Characteristics of Auto-
correlation function (3)

Fourier transform of auto-correlation function is power
spectrum of time series{x,}

P(e™)= D r(n)e

-
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Characteristics of Auto-
correlation function (4)

B Proof (Contd.)

{Z x(n)e " Zx(m)e”"‘”} — ;i ﬁ:E[x(n)x(m)]e‘j(”‘m)“’

~0 N+1i=m

_ ZN:ZN:r(n—m)e_j(”_m)‘”
_N+1n=0m=0

N+1

] N N—k —N N+k j
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k=0 =—Im=0
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N-n
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Characteristics of Auto-
correlation function (5)

B Proof (Contd.2)

N-n

lim ! i er(k)e_jka’zirx(k)e_jkw
k=—o0

N =0 N + ] n=0 k=—N+n
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Linear Prediction (1)

System description by autoregressive model

— u,: input white gaussian at time k, y,- output at time
k, a(i=1, ..., n): AR parameter of linear system
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Linear Prediction (2)

B Parameter prediction model

— }\k: prediction value, 21.: prediction parameter
(prediction AR parameter)
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J = E[(yk _J;k)z]: EKJ’/{ _idiyki
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Linear Prediction (3)

m Evaluation functio for prediction error J

i=1

J = E[(Yk _.)/}k)z]: E{(J’k _i&iyki
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B OJ/oa=0EEBLE
Elyy'|a=E[y,y]

‘r0) (1) - r(n) |a | [rl)]
r(l) r(0) . r(n-1)|a, r(2)

r(n) r(n=1) --- r(0) |a, r(n)
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Linear Prediction (4)

B To obtain prediction parameters which minimize J, take
partial derivatives by a;

B Here, by setting dJ/ 0a=0

Elyy'[a=E[y,y]
r(0) r(l) - r(n) |a | |r(1)
r(l1) r(0) . r(n-1)|a, r(2)

r(n) r(n-1) --- r(0) |a, r(n)
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Ra=r
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ELTROTHEWD, JYHELGFENFET S.

B FBEA1THIEToeplitziTF DR KX ZELTHY, Cholesky s fig &I
[ENBHLDUREZITo CHITHIZRRLIENTES.

{E5#5H / Signal Theory




n (5)

B Vector by multiplying parameters to autocorrelation
matrix equals correlation vector with one sample shift

Ra=r

parameters can be obtained by inverse matrix

However, there are simpler solutions

B Autocorrelation matrix has a shape of Toeplitz matrix.
Thus, Cholesky decomposition (LDU decomposition)
can be used.
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Linear Prediction (6)

B |evinson-Durbin algorithm (another simple solution)
— Matrix equation to obtain parameters

— Recursive algorithm shown below can obtain
parameters from low order parameters
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B Levinson-DurbinD % (#E)

al’ =h

1

(i) _ (i=1) _ (i=1) > 7 —
a,’ =a; ha;’; (1<j>2i—-1)

E" =(1-h’)E"T

% P X REGDZREBD T RIZETDEE DT RIFRE

J
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(i) _ (i=1) _ (i=1) > 7
a;’ =a; ha;’; (1<j>2i—-1)

E" =(1-h’)E"TV

Note: is a j-th parameter when obtain i-th
J

parameter
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B 2ROITIARERXDIGE
E"” =r0)
ho=r(1)/r(0)
a'’ =r(1)/r(0)
E? =(r(0) =r(1)?)/7(0)
by, =(r(2)r(0)=r(1))/(r(0)7 = (1))
ai =(r(2)r(0)=r(1)°)/(r(0) =r(1)})
al” =(r(1)r(0)~r(1r(2))/(r(0)* —r(1)})
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Linear Prediction (8)

B At 2"d order matrix equation

ho=r(1)/r(0)

a'’ =r(1)/r(0)

E? =(r(0) =r(1)?)/7(0)

by, =(r(2)r(0)=r(1))/(r(0)7 = (1))

i =(r(2)r(0)-r(17)/(r(0) =r(1)’)
a'? =(r(1)r(0)-r(1r(2))/\r(0) =r(1))
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B Show the partial derivative of vector is given as

a(a’x)_a
OX
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B Show an equation to obtain 2 parameters by using 2x2
auto-correlation matrix.
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