ESER
- No.11 FHRANESH -
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B BERI{x INRERO TG RIS, TOFEETY
LEDAEEMTRESS
n FERFHEIFHE)
X%, = E[x, |
= ECiEREN
r(n,m) = E[(x, =, X%, = %,.,,)]

{855 / Signal Theory

Stochastic Series

If series {x,} is not deterministic but stochastic, its
characteristics are given by expectation and auto-
correlation

Stochastic mean (expectation)
%, = E[x,]

Auto-correlation function
r(nm) = E[(x, =%, )x,., = %,.,,)]

{855 / Signal Theory a4

EHIEE

EWNVS. COEEFEEOELT—RMEZ L DAL
n FERTHHIFHE)
E[x,]=0
n ECHEREREE
r.(m)=E[x,x,.,]

{855 / Signal Theory

B {x}OFHEECHABBMAFEIIKRELEVN S ZERBIE

Stationary Process

When expectation and auto-correlation function of {x,}
do not depend on time », it is called “stationary
process.” Expectation can be set to O without loss of
generality.
Stochastic mean (Expectation)

E[x,]=0

Auto-correlation function

r(m)=E[x,x,,,]

{855 / Signal Theory 6
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BCHEEEADME (1)

n FEEERII{ OB CHEEEREUTOMEERD.

r(m)=r,(-m)
<r(0)

m FEB @—Y—-YaTYDOFRER)
E[x”xn,m]:E[x X, ]:E[x x]:E[xx ]

n+m? n—m+m n+m*vn nn+m

| Bl < £l J< () (e, ) =

n u+m XX nm

&% / Signal Theory 7

Characteristics of Auto-
correlation function (1)

B Auto-correlation function of stochastic series {x,} has
the following relation.

r(m)=r,(-m)
Ir, (m)| < 1, (0)

m  Proof (By Cauchy—Schwarz inequality)

E[x”xn,m]=E[x X, ]=E[x x] E[xx ]

n+m” n—m+m n+m*vn n”n+m

Je (b, ] ) = ]

n r1+m XX nm

| B,

&% / Signal Theory 8

BCoEEERDME (2)

B ZOOWERFKRIL} O, HIH L TIEHRERER R (m)HNESR
Thb.

¢, (m)=Elx,y,.,]
" COLEUTOMRARYLD

Cp(m)=c,(=m) #c,(m)

< Jr.(0)r,(0)

{855 / Signal Theory 9

Characteristics of Auto-
correlation function (2)

m  Cross-correlation function ¢(m) can be defined by two
stochastic process {x,} {y,}-

¢, (m)=Elx,,.,]
m  Here, two relations are hold.

Cp(m)=c,(-m)#c,(m)

¢, (m) <. (0)r,(0)

{855 / Signal Theory 10

BCoHEEERDME (3)

n ECHREBRROT—YIEREERII{ID/INT—RRIMLIZ
LT 5.

-
Pe)= Y r(me

LI

N
Zx(n)e—jnw

n=0

i [Z x(n)e"""”Zx(m)e/'m}

N—ow N 1 n=0 m=0

P(ejm) llm1E|:

{855 / Signal Theory 11

Characteristics of Auto-
correlation function (3)

B Fourier transform of auto-correlation function is power
spectrum of time series{x,}

-
P(e)= Y r(me

m  Proof

Zx(n)e Jne>

n=0

i [Z x(n)e"""”Zx(m)e/'m}

N—ow N 1 n=0 m=0

P(ejm) llmE|:
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BCHEEEADMEE (4)

m EEER ()

=0 =0

12

=0 =0

2
~ 4

N
I\x

(23
=
55

0 k=

2
~ 4

Mia

(ke +

0

2
~ 7
~

r, (k)e i

-
/Mf

+

N
Z" (n—m)e-irme
0

= N Nk

PHUTISEES )

Ti 7 E{gx(n)e’""";x(m)e’”’“] - P ii E[X(n)x(m)}e’””""“"

Characteristics of Auto-
correlation function (4)

m  Proof (Contd.)

7N{+ 7 E{gx(n)e’""";x(m)e’”’“] = NI 72 ii E[X(n)x(m)}e’””""“"

k=0 n=0 k=

[Z (ke +ZZr(k)e f*m)
-N”(zz' e )
1

{8533 / Signal Theory 13 {8533 / Signal Theory 14
Characteristics of Auto-
HEEEEHOMHE (5) ; )
correlation function (5)
m EA (§E2) m  Proof (Contd.2)
N N-n N N-n
{855 / Signal Theory 15 {855 / Signal Theory 16
I)LI3—Ft% Ergodicity
n ESFHFEETY, HHE)CHMTHN— m  Stochastic mean (Expectation) equals average
; x(n Elx,|= x(n
x, Z (n) )27 Z (n)
B, =3 Bl 2>
X, X0 |2 m;x(n)x(n +m) X, X0 |2 m;x(n)x(n +m)
{855 / Signal Theory 17 {855 / Signal Theory 18
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wizFAE (1)

B HEERETIVIZEEVATLOE®R
- uBZDANTABADREE, v BRKOE N, afi=],
AAAAA n): WL RTLDARINGA—E
Vi = Z”ih—, +u,
i=1
Vi1

=[a, a, - an] yk;z +u,

Yi-n
=a'y+u,

&S5 / Signal Theory

19

Linear Prediction (1)

B System description by autoregressive model

- . input white gaussian at time %, y,: output at time

k, afi=1, ... n): AR parameter of linear system

n
Vi = Z”ih—, +u,
=1
s
Yi-2
=[a, a, - an] B

Yi-n
=a'y+u,

&% / Signal Theory

20

wAZF R (2)

. NSA=EFHETIL
— D BRUE, 4 FRISSA—2(FHARES)

V= i‘i,ykﬂ’
fry

Vi1
~la, @ - 4]

Yin
=a'y

{855 / Signal Theory

Linear Prediction (2)

B Parameter prediction model
~ _— ~ P
-y prediction value, g;: prediction parameter
(prediction AR parameter)

Vi = Z Qv
i=1

Vi
=g, @ - 4]

YVi-n
=a'y

{855 / Signal Theory

22

RR2F R (3)
" FHEEOREER

J=Elv -5 EK” _idiyk'jz}
e

i=1 i=1

B RHRLREBTIE
7= B[y} 28 Ely, y)+ EfayY |

{855 / Signal Theory

Linear Prediction (3)

B Evaluation functio for prediction error J

J=Ely, -5, 7] EKJ@ —iznl‘,d,.ykﬂ
= &)yi]- 2E[yk S, } ' E{(Zy”

i=1 i=1

B |n vector format

7 =elyi]- 28 el y)s £l Y |

{855 / Signal Theory
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BRFH (4)

" HERAMIER/NET ST ARRERDBIHI, o TR

Y o 2E[y,y]+2Elyy]a
oa

U/ oa=0kELE
Elyy'Ja=E[y,y]
r(0) (1) - r(n) |a | [r(1)
r(1) r(0) . r(n-1)|a, | r(2)

Q

r(n) r(n=1) - r(0) |a, r(n)

{8533 / Signal Theory 25

Linear Prediction (4)

B To obtain prediction parameters which minimize J, take
partial derivatives by q;

& 2y, y)+ 2E[yy' ]

08 ~

B Here, by setting éJ/ 6a=0
Elyy'Ja=Ely,y]
r0) (1) - r(n) |aq r(l)
r(1)  r(0) .or(n=1)|a,| |r(2)

r(n) r(n-1) - r0) |a, r(n)

{8533 / Signal Theory 26

Az F R (5)

n BT FRREENTTLOA, ET—2%2F 58 -4l
IRIVERRSTVNS. FRIRHKIZ

Ra=r
MSFITHERNT
a=R'r

ELTROTHELND, FUBBEGFELNFET .

m {EB1THIEToeplitzfTHI DR X ELTHY, Cholesky 7 iR &IE
[ENBLDURRE (T THATHIE RS ENTES.

{855 / Signal Theory 27

Linear Prediction (5)

B Vector by multiplying parameters to autocorrelation
matrix equals correlation vector with one sample shift

Ra=r
parameters can be obtained by inverse matrix
d=R'r

However, there are simpler solutions

B Autocorrelation matrix has a shape of Toeplitz matrix.
Thus, Cholesky decomposition (LDU decomposition)
can be used.

{855 / Signal Theory 28

Rz F R (6)

m  Levinson-Durbin®f#i%
- FREBERODITHIARKEROMBELD

n

Yar(k=i)=r(k)  (k=1-n)

i=1

— UTIETYBRATFEACLVERDRENLIEICT ARHME

RHBIENTED
E" =r(0)
i-l
[r(,-)_za;fr(,- - f)]
h, = = ol (1<i=2n)
{855 / Signal Theory 29

Linear Prediction (6)

B Levinson-Durbin algorithm (another simple solution)
— Matrix equation to obtain parameters
Sar(fk-i)=r(k)  (k=1--n)

i=1

— Recursive algorithm shown below can obtain
parameters from low order parameters

E" =r(0)

[r(t)—ia;’r(t—f)]
h = =

i E( (1<izn)

{855 / Signal Theory 30

{E5 185/ / Signal Theory




WRizFE (7)

m  Levinson-Durbin®f#& (&)
a;zl _ hi
(i) _ (-1 (i-1 i
a’ =a"" ~hal""  (1<j2i-1)
EY =(1-h )EY

®%: ) FREOBRBOFRETEEROFRRY
J

{8533 / Signal Theory 31

Linear Prediction (7)

B Levinson-Durbin algorithm (Contd.)
a;zl — hi
(i) _ (i=1) (i) Lo
ay’ =a"" - ha; (1<j=zi-1)
EYV =(1-h )EY

Note: (i) is a j-th parameter when obtain i-th
J

parameter

&% / Signal Theory
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#R7Z TR (8)

n 2ROITINAERXDEE
E" =r(0)
b =r(1)/#(0)
al’ =r(1)/r(0)
E? ={r(0) =r(1))/1(0)
By = 2)r(0)=r(1)?)r(0)? = r(1)?)
a? =(r(2)r(0)= (17 )/(r(0) (1))
a? = ((Dr(0)=r(Dr(2))r(0) = (1))

—q?
a,=q,

2
a,=al"’

{855 / Signal Theory 33

Linear Prediction (8)

m At 2nd order matrix equation
E" =r(0)
h=r(1)/r(0)
al” =r(1)/r(0)
E? ={r(0) =r(1))/1(0)
= 2)r(0)=r(1)?)r(0)? = r(1)?)
a? =(r(2)r(0)= (17 )/(r(0) (1))
a? = (r(Dr(0)=r(Dr(2))r(0) = (1))

—q?
a,=q

2
a,=al"’

{855 / Signal Theory
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Gl

B ROMLOBABUTOESIHEIEERE
aax)_,
ox

L a'=[q, a, - a] x'=[x, x, - x]

{855 / Signal Theory 35

Quiz

B Show the partial derivative of vector is given as

6(a’><)=a
ox
here a'=[e, a, - a,) X' =[x, x, - x,]

{855 / Signal Theory
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n 2725 OEETIE AV FAREEEROLSXETE.
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Quiz

B Show an equation to obtain 2 parameters by using 2x2

auto-correlation matrix.

&% / Signal Theory
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