—
= =1t

- No.10 EfEheS

pE SV S

{E5#5H / Signal Theory




Signal Theory
- N0.10 Discrete System -

Hiroshi Watanabe

{E5#5H / Signal Theory




AT LDOEE

B JRTLOEHER
— AR, YRATLMRERYIR), KA

B AHNTORRERZ
— [F&RH (Causal)

e LMD AARR)NMZONTIZESE, ENITHIGT HH
H(EER)MNELLHERFK

— JEREH (Non-causal)
- REMTEILZLER

B FHHATLA
— AHRNC AT LOBEFHTRGEGERLENFE

{E5#5H / Signal Theory




System Element
— Input, System(Processing Box), Output

Relation of Input and Output

— Causal

e |t is a relation when some input is fed into
system, corresponding output can be appeared

— Non-causal
e Relation which is not causal

Dynamic system

— Input-output system is not static, but transient
response exists
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° X;=>Yy, Xp->Y, 1E5 ax;+bx,-> ay,+by,
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Dynamic System Classification
(1)
B Continuous-time and discrete-time system
— Continuous-time system
e Material, flow, energy etc.

— Discrete-time system
e Digital signal, computer system etc.

e Sampling process by A/D is included
e It may be called sampled-data system

B Linear and non-linear system
— Linear system
e If X;->y,, X,->Y, , we have ax;+bx,-> ay,;+by,
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Dynamic System Classification
(2)

B Lumped and distributed parameter system
— Lumped parameter system

e Relation of in/out put and internal state are described
by ordinary differential equation with regard to time

— Distributed parameter system
e Relation of these states are described by partial

differential equation with regard to time and space

B Deterministic and stochastic system
— Deterministic system

e Internal state and output at any time is determined
uniquely

— Stochastic system
e Internal state has irregular variation
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Dynamic System Classification
©)

Time-invariant and time-varying system
— Time-invariant system

e When dynamic system is modeled by differential
equation, its parameters are constant with
regard to time

— Time-varying system
e Parameters above includes temporal fluctuation

Note: In general, if parameters of a mathematical model are constant with

regard to time, it is called stationary system, otherwise, it is called non-
stationary system
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BRI AT LDETIL (1)

o= v < -

B ATLMNBRERBAZERDEEICZIE, AMABEMNIGERNE
ROBHZENTES.

BEER R TIE, BZItD A HZu(t), BHhZxyR)ELT=EE, MEBIZE
INA[RE LR R B DE-SNDIFH AT LIE, UTOERARER
Zimf=9.

y(t)+ay(t-1)+---+a,y(t-n)
=bu(t)+bu(t—1)+---+b_u(t—m)

Nn=mia5 7 a/\—EFES
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B Transfer function can be obtained from input and
output relation when system is linear invariant.

In discrete system, let input and output be u(t) and y(t)
at time t. Dynamic system, which is practically realized
and satisfies causality, holds the following differential

equation..

=bu(t)+bu(t—1)+---+b_u(t—m)

It is called “proper” if n2m
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R ENARREITH
Y(2)=G(z)U(z2)

-1 —-m
b, +b,z7+---+Db 2

G(z)=
(2) l+a,z " +--+a,z2"

B HAYQIZHAEVEOMHBIEEIZIE

Y(z)=G(z)J(z)+V(z)

U(z)
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Apply z-transform to differential equation

Y(z2)=G(z)U(z)

b, +bz* +---+b z7"
l+a,z " +--+a,z2"

G(z)=

When noise V(z) is added to output Y(z)

Y(z)=G(z)J(z)+V(z)
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z=exp(jl2f,) ERET B, X(n) DzERBLUFERITRAT
EHEIND.

N=—o0

x(n)_—§ X(z)z"'dz
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B To the input x(n), by defining the unit delay regarding
sampling as z=exp(jaw/2f_ ), z-transform and the Inverse
transform of x(n) can be given as

N=—00

x(n)_—§ X(z)z"dz

C: Circular integration on the unit circle
on the complex domain
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HEBFREIE S x(n) [(TXNTEIEEREATLOqILE)IE, A
HES x(t) ETAILEDAVINILAIGE h(n) DEHIAHTRIN
%

y(n)=x(n)*h(n)= ih(n—k)x(k)

A2 NILRGE h(n) IZEWT n BAERETHNIL, FIR (Finite
Impulse Response) 4 /LAEREIEN, ERICH#GETNIL, IR
(Infinite Impulse Response) FAJLALMEINS.

Y(z)=H(z)X(2)
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Z-transform (2)

B Linear invariant system (filter) to the discrete signal
X(n) can be represented by convolution of the input x(t)
and filter’s impulse response h(n).

y(n)=x(n)*h(n)= ih(n—k)x(k)

The impulse response h(n) is called FIR (Finite Impulse
Response) filter when n is limited, and is called IIR
(Infinite Impulse Response) filter if n is not limited.

Y(z)=H(z)X(z)
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Y(z)=H(z)X(z)

X(2)

— 1 H®@

rh [+ Thq

X(0) X(1) X(2) .. h(0) h(1) . h(N-1) O DIV2)Y(3) ..
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B Representation of linear invariant system by z-
transform.

Y(z)=H(z)X(z)

X(2)

— H®@

T‘r [+ Thq

X(0) X(1) X(2) . h(0) h(1) .. h(N-1) (0 (1)y(2)y(3) ..
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NEPREES LV AN ERZNEES HEXTaod. ADEHr
&, HOERME, REEEHE

REFREXABIVCHNAREKXE, B&f, g [CEYLUTOLIICE
7%

x(t+1)= f(x(t), u(t), t)
y(t)=g(x(t), u(t), t)
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B Internal state and input/output variables are described
by n-th order differential equations. For r-input, I-output
and n-state,

L Yr R LY ]

State variable equation and output equation can be
written by function f, g.

x(t+1)= f(x(t), u(t), t)
y(t)=g(x(t), u(t), t)
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REARXEHNAEXZTIRATRRIT DL

x(t+1)= A(t)x(t)+ B(t)u(t)
y(t)=C(t)x(t)+D(t)u(t)

ZZIZ, AW)IEnxnfk#1751 (coefficient matrix)
B(t)[&nxrBE&E11TF] (driving matrix)
CH)IXIxnt 739751 (output matrix)

D) IXIxr{zE1T5 (transmission matrix)

BALTDIEEIZIE, A, B, C, DIZtORBE# TIEA<A5
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B State variable equation and output equation in matrix
form

x(t+1)= A(t)x(t)+ B(t)u(t)
y(t)=C(t)x(t)+D(t)u(t)

where, A(t) is nxn coefficient matrix
B(t) is nxr driving matrix
C(t) is Ixn output matrix
D(t) is Ixr transmission matrix

B In case of invariant system, A, B, C, D are not
functions with regard to time t
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B EEBARETILEREBERET ILOBERIEZ-EHRICEKY

zX(z)=AX(z)+BU(z)
Y(z)=CX(z)+DU(z)

ZERLTERRITIG)ZRS

Y(z)=G(z)U(z)
G(z)=C(zI-A)'B+D
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B Relation of transfer function model and state variable
mode are written by z-transform

zX(z)=AX(z)+BU(z)
Y(z)=CX(z)+DU(z)

then, transfer function matrix G(z) is obtained

Y(z)=G(z)U(z)
G(z)=C(zl —=AY'B+D

U(2)

o
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B IANIHADRBREAER

x(t+1)= Ax(t)+b(t)u(t)
y(t)=c'x(t)+du(t)

B A[H|fHIZEERS (Controllable canonical form)
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B Linear invariant system with 1-input and 1-output

x(t+1)= Ax(t)+b(t)u(t)
y(t)=c'x(t)+du(t)

B Controllable canonical form
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B IANIHADRBREAER

x(t+1)= Ax(t)+b(t)u(t)
y(t)=c'x(t)+du(t)

m  A[£RAIIZ %R (Observable canonical form)
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B Linear invariant system with 1-input and 1-output

x(t+1)= Ax(t)+b(t)u(t)
y(t)=c'x(t)+du(t)

B Observable canonical form
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B IEMHEBEVQDHAFIRI«ILAHEZ), AHU®E), HHAY(E)
Y(z)=H(z)U(z)+V(z)
H(z):Zn:hiz‘i
x(t+1):1Ax(t)+bu(t)

y(t)=c'x(t)+v(t)
.0
-0
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Exampl

B FIR filter H(z), input U(z), output Y(z) with additive noise
V(z)

Y(z)=H(z)U(z)+V(z2)

H(z):Zn:hiz‘i

X(t+1)=Ax(t)+bu(t)
y(t)=c'x(t)+v(t)
1
0 0
A=|:
0 0
0 0
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B Controllability in discrete system

— On state equation in discrete system, when arbitrary
Initial status x(0)=x, and arbitrary desired final status
X; are given, if control input u(t) that convert x,to x; in
a certain time period exists, system is called
controllable.

B Observability in discrete system

— On state equation in discrete system, input u(t) is
known, if the initial state x(0) can be uniquely
determined by using observed value of output y(t)
for certain period from time t=0, system is called
obserbable.
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