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A/D Conversion

Analog Signal to Digital Signal

Pre-filtering: Cut High Frequency Component
Sampling: Discrete in Time Domain
Quantization: Convert Value to Finite Digits

Analog Digital

Signal e Quanti Signal
F"tering Samp"ng
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Processing Diagram

Input Signal Output Signal

Pre-
Processing

Quanti-
zation
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Sampling
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PCM

B PAMT—4AD1=—IFEDEYHT

PCM

B Unique Code Assignment to PAM Data

Digitized, Quantized Signal Restored Signal Digitized, Quantized Signal Restored Signal
(== Digitized Samples = Input Signal — Restored Signal — Input Signal (== Digitized Samples = Input Signal — Restored Signal — Input Signal
8 58 8 58
7 27 7 27
S 6 I 36 S s 36
T35 T il S5 T35 — il S5
N> = N> =
P | ] 7 ge 234 = 7 £4
EREN | | i | g3 EREN | | i | g3
Y | LEENsIN  :: Y | LEENsIN  ::
0 B 3o 0 B 3o
12 3 456 7 8 91011 12 3 4 5 6 7 8 9 10 11 123 4567 8 91011 1 2 3 4 5 6 7 8 9 10 11
Time Time Time Time
= == =02 .
BEL-EFLES BXEES Digitized and quantized signal Restored signal
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2 E10E R Binary and Decimal Numbers
 2ERRR

B, 2"+b, 2" -4, 21 + b 2°
+b, 27 4k 27"

) 0
o]
10 1

10110 =2 +22+2'=16+4+2=22

byb, ,+-bib, .bb b

a2

n
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B Binary Representation

B, 2"+b, 2" 44, 21 + b 2°
+b, 27t 4 kb 27"

) 0
|
10 1

10110 =2 +22+2'=16+4+2=22

byb, 1 by, .bb b

a2

®  Example
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 LALEEE Y

Level# Bit Code Level#s Bit Code
2 1 0,1 2 1 0,1
4 2 00, 01, 10, 11 4 2 00, 01, 10, 11
8 3 000, 001, 010, 011, 100, 101, 110, 111 8 3 000, 001, 010, 011, 100, 101,
110, 111
2n n 00..0, ...
2n n 00...0, ...
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Binary Code

®  Level and Bit Numbers

o
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PCMFFEDE|YHT Assignment of PCM Code
m  Level Codeword Quantized Signal m  Level Codeword Quantized Signal
-0 000 -0 000
-1 001 _s ORal oo1 _s
-2 010 3. -2 010 3.
- 3 011 g3 - 3 011 g5
-4 100 33 m - 4 100 33 m
c2 c2
s o - AHHEHHEH s - AHHEHHEH N
oo oo
- 6 110 123 45 6 7 8 91011 - 6 110 123 456 7 8 9101
- 7 111 Time - 7 111 Time
B 1 2 3 4 5 6 7 8 9 10 11 Time: 1 2 3 4 5 6 7 8 9 10 11
LR 7 7 6 5 3 3 4 4 1 3] 7 Level: 7 7 6 5] 3 3 4 4 1 3 7
#%S: 111111 110 101 011 011 100 100 001 011 111 / 33 bit Code: 111 111 110 101 011 011 100 100 001 011 111 / 33 bit
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- = ey . . .
ERWGT—3ERE - 8FELALE0 Basic Data Compression —
Rl Reducing Number of Quantization Levels
m  Level Codeword Compression by Reducing Q-Levels m level Codeword Compression by Reducing Q-Levels
] 00 [== Digitized Samples —— Input signal | 0 00 [== Digitized Samples —— Input signal |
1 01 _a 1 o1 _a
3 3
2 10 2, ’ 2 10 R ,
3 11 s, I = I 3 11 g, I ™~ I
g g
21 21
5, I Ll I 5, I Ll I
1 2 3 4 5 6 7 8 9 10 11 1 2 3 4 5 6 7 8 9 10 11
Time Time
BEZ: 1 2 3 4 5 6 7 8 9 10 11 Time: 1 2 3 4 5 6 7 8 9 10 11
LRJL: 3 3 3 2 1 1 2 1 0 1 3] Level: 3 3 3 2 1 1 2 1 [0] 1 3
&S: 11 11 11 10 01 01 10 10 00 10 11/ 22bit Code: 11 11 11 10 01 01 10 10 00 10 11/ 22bit
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Fom o - _— Basic Data Compression —
BERNGT —2EHE — BXE808IR _
Reducing Number of Samples
m  Level Codeword Compresson by Reducing Sampling m level Codeword Compresson by Reducing Sampling
0 000 Frequency 0 000 Frequency
1 001 B Digitized Samples —— Input Signal 1 001 B Digitized Samples —— Input Signal
2 010 8 2 010 ?
< <
3 o011 I 3 o011 S ¢
S22 g£23
4 100 £ 4 100 £
5 101 s i 5 101 A
0 0
6 110 1 2 3 4 5 6 6 110 1 2 3 4 5 6
7 111 Time 7 111 Time
BEZ: 1 2 3 4 5 6 Time: 1 2 3 4 5 6
LR 7 6 3 4 1 7 Level: 7 6 3 4 1 7
#%: 111110 011 100 001 111 / 18 bit Code: 111 110 011 100 001 111 /18 bit
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0 2.12 Analog signal
1 1.80 2
2 1.30 3
3 1.00 15
4 -0.50 s 1
g o5
5 -0.12 [ I D7 VA
6 0.42 05t 2 3 4 5% 7 1\9/{0 1
7 -0.02 -1
8 -1.17 e
9 -0.08 Time
10 1.84

19

Quantitative Analysis

Time Analogue signal Value
2.12
1.80 Analog signal
1.30 25
1.00 2
-0.50 N
-0.12 £ os
B

0.42 0
-0.02 -0.5 2 3 4 \5/5 7 3\9/{0 11

-1.17
-0.08 Time
1.84

POO~NOOODWNEREO

o
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EERRET (2)

. EFERTYT dOEH

a=2/
L V:ANBEEQEALE
n L:2FELAILE

L=2" n:&HSOEVMK

V=2.2,n=4 D&E L=16 THEINS
d=0.275

{855 / Signal Theory

Quantitative Analysis (2)

B Calculation of Quantization step d

=2/

B Example

V:Maximum value of input
L:number of quantization levels

L=2" N : number of bits for code

When V=2.2, n=4, L equals to 16, thus,
d=0.275
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EE R (3)

" EFLREEN: O

a2 di2

kd (k+1)d
d/2
, Lpoe o, o 11 07 g
oo =g LoX dx—g[gx} =%,
12

-d
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Quantitative Analysis (3)

B Quantization Error Power: Gﬁ

a2 di2
kd (k+1)d
d/2
1 pdr2 1)1
o, =—j xzdx=—[7x3} :dZZ
d J-ar2 dl3 il
{855 / Signal Theory 24
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EERIEEN (4)

EFILICRHSNRGEF R ES L)

2
SNR(dB) = 20l0g,, Z* =10lo0g,, G%
Gy Gy

ANESOH: O (BIRNETLBKIE)

Gi =4V?
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Quantitative Analysis (4)

B SNR (Signal to Noise Ratio) caused by Quantization

|9

SNR(dB) = 20l0g,, Z* =10lo0g,,
(e}

q (o}

an

. . 2 . .
B Variance of Input signal: G, (maximum value for image
processing)

cl=4v?
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EERIEMT (5)

Quantitative Analysis (5)

B Calculation of SNR at n bit quantization

1 nEYFETFEEOSNROEH
v av?
SNR(dB)=10log,, —— -
(dB) 10 /12 SNR(dB)=101log,, 7z
2
:1010910% —10log _avE
avi/1aL RVVEPTE
=10log,, 12L° =10log,, 1212
=10(log,, 3+2log,, 2)+20log,, 2" log,, 2=0.301 =10(log,, 3+2l0g,, 2)+20log,, 2" log,, 20.301
=10.79+6.02n log,, 3=0.477 =10.79+6.02n log,, 3=0.477
1bit 6cBD %A Rule: 1bit 6aB
{855 / Signal Theory 27 {855 / Signal Theory 28
FA1E Sampling
B EGENE—EERBRTERELTEONDRIINDTDER B Can we recover original analog signal from sampled

BEHEETTHIENTESN?

BoKYEILT AT RBITELLTEHAN
) o
N T
HNREATHETTEES WAGRRENBEES

1928 Harry Nyquist Fill, 1949 Claude Shannon, #&% I8
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digital data?

Rapidly Changing Inputs

I3 f\\'\ '
Ay
Looks like requesting fine
sampling

Slowly Changing Inputs

L —
/
/7

Looks like recoverable
even with coarse sampling

1928 Harry Nyquist predicted, 1949 Claude Shannon & Isao Someya proved

{855 / Signal Theory 30
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STV ER (1)
. HUTYUTREREANEBOESARKICEEELEZRIAHY
5

B /oY VT REB(FAFRNDEE)
— FERAREE x() DREIREAR A D f,(Hz) LTFICHIRIh TS
LE HUTYUTHIRE U(2f,) UTICHIRI L, Bohiz
HUTLRIMSHEDEGERERTLICETTED,

m FARRMENE: TSUQRE), FAEFREREC 2f,
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Sampling Theorem (1)

®  There is a significant relation between a sampling
period and the maximum frequency of an input signal

B Shannon’s Sampling Theorem (Nyquist Theorem):

— “If the frequency component of an input signal x(t) is
less than f, (Hz), we can recover the original
continuous signal from sampled data by setting
sampling interval less than 1/(2f))”

B Nyquist Interval: T=1/(2f,), Nyquist Frequency:2f,

{8533 / Signal Theory 32

ST ER (2)
n FEFARINGEOTI-)IERFIEIRKXTEALNS

X(f)= L X(t) exp(— j2At)dt @)
X(t) = j'f X () exp(j2At)df @

B XOEI-IIRHEMTNIERXEES

X(f)= icn~exp(j2nfn/(2fm)) 3

{855 / Signal Theory 33

Sampling Theorem (2)

B Fourier Transform Pair with Limited Frequency
Bandwidth

X(f)=] ” x(t) exp(— j 27ft)dt (€)

X(t) = jff X (f)exp(j2rft)df @

B Fourier Series Expansion of X(f) can be written as

X(f)=3C, exp(j2nn (21, )) @)

n=—o

{855 / Signal Theory 34

YT TER (3)
B CIT - UTHEORY C, RUTOLSIHE

1 .
C, :ﬁj—w X(f)-exp(—j2An/(2f,)) df

N L @
2f | 2f,
B XOORRI LIS X(®
M f
-fm 0 fm
{855 / Signal Theory 35

Sampling Theorem (3)

® Where C, is written as follows

1 fn .
c, :ﬁifm X (f)-exp(~j2an/(21,)) df

B L o)
2f, | 2f,
®  Shape of X(f) X(@)
M f
-fm 0 fm
{855 / Signal Theory 36
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YT ER (4)
H(B),(NHEXQ)IRATHE XXEHFS

x(t)=f:[i ! x( L}exp(szzfn/(Zfm))}exp(erzﬁ)df

=2t 2f,
- n
= X| h,(t
Py [zfm] ()
bt [l K (3= 4
- . sin27tfm(t—2r; )
h,(t) = j, Fexp[ jZ;zf(t—F)]df = o
tem m 27 (t-——)
2f,
{8533 / Signal Theory 37

Sampling Theorem (4)
Substitute (3),(4) to (2), we obtain

X(t) = _[" Lmi x[— ﬁ] -exp(j2An/(2f, ))} -exp(j2~ft) df

Where h(t) is

n

01 sin2nfm(t—2f)
hy ()= [ ———exp| jouf (t——-) Jdf =——— =
"2f 2t 2, (-
mo2f,
{8533 / Signal Theory 38

YT ER (5)
"/ont-#ER

N n
x(t)=3Y X(Ej h, (t)

n=—o

hIEH TS RERADL = 1(2f,) ISBIEND & EHMLA
NES x(t) HBEERRIICH U TILEShI-EE (PAMIES ) x, LB
FIZEELEBE D4 L AD AL REEN (D SBRTESIE
#RLTLVS,

&, sin2af (t-nAt)
t) = m
O me 27, (t—nAt)
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Sampling Theorem (5)
The obtained result

< n
xt) =Y X(ﬁ] h, ()

n=-o

The result shows that the continuous input x(t) can be
recovered from sampled sequence (PAM signal) x, and
the ideal low-pass filter’s impulse response h,(t) if the

sampling interval is chosen to Dt = 1/(2f,)

& osin2Af (t—nAt)
t) = 2 e 2
XM Z;X 24, (t—nAt)
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1

AVIIMTFAORICRBINA—T 14 1ES
— 16EwkPCM

- xwav 774JL(PC/WS)

— BERKHFE: 0 - 22.05 kHz

— YUTYLYEIRE: 441 kHz

{855 / Signal Theory a1

Example

Audio Recorded in Compact Disk

— 16bit PCM

— *.wav file in PC/WS

— Playback Frequency Range: O - 22.05 kHz
— Sampling Frequency: 44.1 kHz

{855 / Signal Theory 42
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HEE DR

. J—IRKER
— B x(t) OZEH ¢ AR [0, T]ISEROATULRIE, x(t) (R
KDELSITT—YIRBEERBEEALZABR) ICRATE
)

x(t) = 3, exp(j2nt/T)

— ZZIZ. C, F7—IRBBOFZHTHD

1 . /TYd
Cn:?-[0 x(t)exp(—j2znt/T)dt

&% / Signal Theory 43

Mathematical Preparation

B Fourier Series Expansion
— If variable domain of function x(t) is limited [0, T],
X(t) can be expanded by Fourier series (complex
trigonometric functions)

x(t)= D.C, exp(j2ant/T)
— Here, C, is Fourier Series Coefficients

1 .
C, = ?L x(t)exp(—j2znt/T)dt

{8533 / Signal Theory 44

BE My DF

. HIOMORE

X, =X, + X, oo F X,

‘M’
Il

Il
N
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Review: Summation of Series

B Representation for Summation of Series

X, =X, + X, oo F X,

n
i
i=1

{855 / Signal Theory 46

B 5
n EES ESBEHSRFOTVSES

3
rxzdx:[}xﬂ =1(33—13)=§
! R 3

B AEES EPHEOEVES, Mr0sER
jx dx = 1x2
2

Jsin Xdx =—cos x

{855 / Signal Theory a7

Review: Integral

m  Definite Integral : Integral Range is defined
3
fxzdx M :1(33 -1% _2%
! 37 ] 3 3

®  Indefinite Integral: Integral without Range, Anti-
derivative

dex:%x2

J'sin X dX = —Cos X

{855 / Signal Theory 48
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B BRPLIRY jEETH
j=v-1
B ERERBBEHOBERBOMESLVROERIT
x=a+jb, y=c+jd
ETBHE
x+y=(a+c)+ jb+d)
xy =(a+ jb)(c+ jd)

=ac+ j’bd + j(ad +bc)
=(ac—bd)+ j(ad +bc)

&% / Signal Theory

49

Review: Complex Number

B Complex Number has imaginary part j
j=V-1
B When we have two complex numbers,
x=a+jb, y=c+jd
Addition and Multiplication of these numbers are
x+y=(a+c)+j(b+d)
xy=(a+ jb)(c+jd)

=ac+ j’bd + j(ad +hbc)
=(ac—bd )+ j(ad +bc)

{8533 / Signal Theory 50

BE =AY

m  sin, cos, tanlE, ENKSICEREShEN?

cosg =X (x=1zcosb)
z
y y
sind== (y=zsin6) z
z
tang="Y (tanezﬂ) d
X cosé

{855 / Signal Theory

51

Review: Trigonometric Function

B How can sin, cos, tan be defined?

cosg =X (x=1zcosb)

z

y y
sind== (y=zsin6) z

z

i q

tang="Y (tanezﬂ)

X cosé X
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EE AR
N EREMEE QLSRR DH 7

e* =exp(x)

n EHEROMESLCHEOEREZ? y
eaeb — ea+b
ea /eb — eafb

eab — (ea)h

{855 / Signal Theory

53

Review: Exponential Function

®  How exponential function can be represented?
e* =exp(x)

®  Addition and Multiplication
of exponentials ?

y
4

eaeb — ea+b
e’ /e”=e*"
eab — (ea)h

{855 / Signal Theory 54
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BE EHEH (2)
B EHEBICERIELHOLE, TOROBEKE?
el =cos@+ jsing

n EREHEHOHEE?

Review: Exponential Function

)

B What is the number having Imaginary number in exponential

part?

el =cos@+ jsing

®  Multiplication of these numbers

Im: & $h e Im: Imaginary Axis
ja~ib i(a+h q S . R
glaghh _ gi(a+b) elaglh _ gilash)
n ERELOFRE? m  Advantage of this expression
- RORBENHE — Simple wave notation _ _
- TOTSLNES — Easy programming Re:Real Axis
&% / Signal Theory 55 {85125 / Signal Theory 56
5l Example

B =1 THAHEE, eldo=m2)EAVTIERAE &

{855 / Signal Theory 57

m  Prove j2=-1 by using e (6=n/2)

{855 / Signal Theory 58

HEDER (2)

B - IRHERIERBERTHS
n FEHBEREEXERCERATES (GEALEARARMD/ST—h
ARTHZHHD)
— FEHREH x()=x(t+nT)
- EXEHAELSF
— B x (1) & %) NROBFREHOLE
1 ¢7/2 *
= L/z X, ()%, (®)dt =0 R
X () & %,(t) [Z4B1 [-T/2, TI2] LBV CEXT S

{855 / Signal Theory 59

Mathematical Preparation (2)

B Fourier Series Function is Orthogonal Function

®  Periodic function can be expanded by Orthogonal
Function since the power of basic domain is limited

— Periodic function x(t)=x(t+nT)

— Orthogonal Function: Inner Product equals zero

— When function x,(t) and x,(t) has the next relation
L7 %, @dt =0
— X X = *:Conjugate
= IRATA jug

X;(t) and x,(t) are orthogonal in domain [-T/2, T/2]

{855 / Signal Theory 60

{E5 5/ / Signal Theory

10



D (3)

B RIMLOERENE
— BERAIML {v,v,} FEREELES
— {v, v} [ KESAT1DEE, EHREXRZTHHEES
— EEOAARNIRLY IF v, & v,0RBEETRSND

y=C\V, +C,V,

Mathematical Preparation (3)

®  Orthogonal and Inner Product at Vector
— Orthogonal Vectors {v,,v,} are called orthogonal
basis
— {vy, v,} are called orthonormal when they are unit
vector (size 1)
— Arbitrary input vector y can be described by a linear
combination of v; and v,

LERE
V5 2 2 6
V=0, 2h W, =a-o, =
3'3 33
B RORIRL % v, &, CRBEEE

folB o1
13 3

{855 / Signal Theory

B v &V BUTORIGE2RIANINLTHDEE, BERXLTNSS

63

a=(y-v) 9:C1‘Z+Cz\72
C,=(y-v,) ¢, =(y-v,)
¢ =(yv,)
{8533 / Signal Theory 61 {8533 / Signal Theory 62
5l Example

m  Show the orthogonal characteristic when v, and v, are
the following

{2 i
3 '3 3 3

m  Expand f by v; and v,

(ol
13 3

{855 / Signal Theory 64

HEDER (4)

B N-RIENTFILADHER

f=cV,+C,V, +--+C,V,

n —
=V
i=1

ZZIz

G :(?\7;)

{855 / Signal Theory
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Mathematical Preparation (4)

B Extension to n-dimensional vector

f=cV,+C,V,+---+C,V,

n —
=y
i=1

where

G =(?\7.)

{855 / Signal Theory 66
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D (5)

n =ABRBRKITESE [p pl CERERXRELT
{1, \/2 cos x, +/2 sin x, v'2 cos 2%, /2 sin 2x, -+ }
RS
iJ:Zoosnxcosnxdx:l (n=12,-) irﬂﬁcosnxdx:o (n=12,-)
iJ:ZSinnxsinnxdx:l (n=12,--1) %fﬂﬁsinnxdx:o (n=12,--)

LJ.T 2cosmxsinnxdx =0 (n=12,--)(m=12,--)
27 9n

LJ.T 2cosmxcosnxdx =0 (n=12,--)(m=12,-)
27 9n

LJ‘T 2sinmxsinnxdx =0 (n=12,--)(m=12,-)
279

Mathematical Preparation (5)

B Trigonometric functions are orthonormal at domain [-p,

Pl
{1 «/Ecosx, J2sin X, «/Ecost, J25sin 2X, -}
since
ir 2cosnxcosnxdx =1 (n=12,--) ij' V2 cosnxdx =0 (n=12,--)
27 27 dr
ir 2sinnxsinnxdx =1 (n=12,--) ij’ J2sinnxdx=0 (n=12,--)
2z 279

ij‘ 2cosmxsinnxdx =0 (n=12)(m=12-)
2

ij‘ 2cosmxcosnxdx =0 (n=12-)(m=12,)
27

ij‘ 2sinmxsinnxdx =0
2zo=

(=12,-)(m=12)
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Hy =5 3 = =
WED#EE (6) Mathematical Preparation (6)
. FAETLSEHKI () ORI IRMEFAIRATEZLND m  Real Fourier Series Expansion of f(t) with period T
f(t):an+2(a" COSNw,t +b, sin nayt) (w,=271T) f(t):an+i(a" COSNw,t +b, sin nayt) (w,=271T)
n=l n=1
pusten bl where
1 1.0
ao:?L f(t)dt ao‘?L ft)dt
27 2 (T
a, :?L ft)cosnoptdt (@, =27/T,n=12,-) a, :?L ft)cosnoptdt (@, =27/T,n=12,-)
2 (7 . 2 (7 .
b, :?L ft)sinnagtdt (@, =27/T,n=12,--) b, —?L ft)sinnagtdt (@, =27/T,n=12,--)
{855 / Signal Theory 69 {855 / Signal Theory 70

HEDER (7)
n BYTELIEB () BRI IRBEFGRXTEZLONS

t(t)= 3°C, exp(inayt)

n=—

pustend

c==[" 1 inogt)d
. _?J:m (t) exp(—jnam,t) dt

{855 / Signal Theory 71

Mathematical Preparation (7)
®  Complex Fourier Series Expansion of f(t) with period T
t(t)= 3¢, exp(inayt)

n=—w

where

C _1 TI2 f . d
"_?J:m (t)exp(— jneot) dt

{855 / Signal Theory 72
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