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Multimedia Distribution System
- No.2 Aliasing Noise and Filtering -

Hiroshi Watanabe
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rRLE (1

B HITHUTINIZEHEREE TOHYRLEDE
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Aliasing Noise (1)

m  Example of aliasing noise in a space domain by sub-
sampling
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RLE (2)
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Aliasing Noise (2)

m  Example of aliasing noise in a time domain by frame
rate reduction

P-65-CR-B-CR-0-CB
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RIGEEHET AR TAILE

B N:OYTHUTYUT OIS, BBFHEHL/NOELEBE I/ L5
(Low Pass Filter; LPF) &

n RERROZEBREE

H(z):Eh(k)z"‘

H(z):121+lz”+lz‘1
4 2 4
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Resolution Conversion and Digital
Filter

B For N:1 sub-sampling, Low Pass Filter (LPF) with pass-band
1/N

m  Z-transform representation of transfer function
N-1
H(@)=Y h(k)z*
k=0

®  Example
H(2) lailptsa
4 2 4
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E{RLIE (1)

m  Bitmap file
RGB 24 bit
720x576 pels
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Image Processing (1)

B Bitmap file
RGB 24 bit
720x576 pels
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E{RNE (2)

B 360x288 pels
without LPF
aliasing noise
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Image Processing (2)

B 360x288 pels
without LPF
aliasing noise
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E{RILIE (3)

B 360x288 pels
with LPF
2D-(1,2,1)
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Image Processing (3)

B 360x288 pels
with LPF
2D-(1,2,1)
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FIRZ1L%Z

B Z-FIZEDVRT LR

X(z2) Y(z)=H(2)X(z)

—_—

T]? ! The

X(0) X(1) X(2) . h(0) h(1) .. \(N-1) Y0y (1)y(2)y(3) ..

FIR Filter

B System description by z-transform

X(2) Y(@)=H(@2)X(2)

T]? ! The

X(0) X(1) X(2) . h(0) h(1) .. \(N-1) Y0y (1)y()y(3) ..
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3 . « .
FRB DRI Coefficients

m ABEF
X(2)=a,+az +a,z 7 +a,z°
B AURNLRGE
H(z)=h,+hz™" +h,z?
n HAEE
Y(2)=H(2)X(2)
=(hy +hzt +h,z7%) (8, +az ™ +a,27 +a,27)
= hoao + (hoa'l + h1ao)zi1 + (hoaz + hlai + hz""o)zi2
+(hya, +ha, +h,a)z % +(ha, +h,a,)z* +h,a,z°
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®  Input
X(2)=a,+az " +a,22+a,;z°
B Impulse Response
H(z)=h,+hz™" +h,z?
m  Output
Y(2)=H(2)X(2)
=(h,+hzt+h,z7%)(a, +a,z "t +a,27% +a,27%)
=hya, + (hya, +hay)z ™+ (hya, + ha, +ha,)z 2
+(hya, +ha, +h,a)z % +(ha, +h,a,)z* +h,a,z°
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FRHBDXIE(2)

n RBOMRK

Yo =hydy

¥, =hea, +ha,

¥, =ha, +ha, +h,a,
¥y =hya, +ha, +h,a
¥, =ha; +h,a,

¥s =h,a
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Coefficients(2)

B Relation of Coefficients

Yo =hydy

¥, =hea, +ha,

¥, =ha, +ha, +h,a,
¥y =hya, +ha, +h,a
¥, =ha; +h,a,

¥s =h,a
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LPF(A—/SR74ILA)DE&RET

B FIRZAILAIZEBO—/RR T4V RERE
— EENERBERDD
— (EEBRIERO—/RT/ILIERET S
— TANEAREBERDD
- RBEELTS
- FRBEEEROBEERDD
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LPF Design

B Low-pass filter design by FIR filter

— determine cut-off frequency

— presume ideal low-pass filter as a transfer function
— determine filter order

— derive coefficients

— multiply value of window function to coefficients
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L P i JB] R 3

B EEOO—/RT LA EBEEO—/ SR TV 25
nEMRERE W,

INT— H(jw)

=2p -p -W 0 W p

P ma
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2p

LPF Cut-off Frequency

B Actual and ideal low-pass filter characteristics
m  cut-off frequency: w_

Power H(jw)

pass-  stop-
band band

2p p-w . Owp 2p
frequency
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LPF=ZERE SR B D%

nEREKA
N-1
H(2)= Y h(k)z™*
k=0
DEE FZH hK (FRKXTHETES

h(k):ir H(jw)e* do (k=0,---,N-1)
27
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Relation Between LPF Transfer
Function and Coefficient

B When the transfer function is given by

N-1
H(z) = Z:h(k)z’k
k=0
coefficients h(k) can be calculated by the following.
1

h()=—[ H(jo)e*do (k=0
2 o7
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LPF=ZRE R B DR (2)
n HEEL,

1 (= ) . 1 7 N-1 . .
—|" H(jw)e™do=— h(n)e "ed
5o (o) “’ML§<> »

Relation Between LPF Transfer
Function and Coefficient(2)

m  Since,

1 (= ) . 1 7 N-1 . .
—|" H(jw)e*do=— h(n)e "ekd
5o (o) “’ML§<> »

o "Z;.,[: h(n)e 1" °dew = "Z;,j: h{ne "V dew
1 Z 1 T
=—nh(k)| d =—n~h(k)| d
S| do 2 "] de
1 - 1 "
=——h®[e], =——h®[e],
2z 2z
=h(k) =h(k)
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&'E Review

m [-p,p] I=8I+3 exp(inw) DFES

- z .
Ie'”"’dw:j (cosnw+ jsinnw)dw
- -

=[sinnw- jcosna|",
=(sinnz — jcosnz)—(sinn(-z)— jcosn(-x))
=0
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m  Integral of exp(jnw) at [p, p]

- z .
Ie'”"’dw:j (cosnw+ jsinnw)dw
- -

=[sinnw- jcosna|",
=(sinnz — jcosnz)—(sinn(-z)— jcosn(-x))
=0
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1
B HQ)=1/422+1/221+1/472 DHEDFHEH

1 1 1
h(0)=—— toe e do =2
(0) J( Z jw4

h(l):ij” 1o lgo Loieo|giog, =t
2797\ 4 2 4 2

@)L [ (L s Lo s o e Yorogy -
2 4 2 4 4
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Example

m  Derivation of coefficients for H(z2)=1/42°+1/2z1+1/4z2
1 1 1

h(O)—fJ- 04> e"”+ el |ldo==

4 4

h(l)fij 1 0+1e—jw+1efj2w ejwda):l
2w 4 2 4 2

h(2)=ij‘” leo_'_le—jw_'_ie—jh) ejz”’da)=1
2z -7\ 4 2 4 4
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FHOEH

nEMEIRE W, TALEORM N OIS

h(o):if Hio)do  h@) = [ H(jo)e"do

J-zuL 1d 1 .ral J”d
271' o 27r
o,
[a)]uL 1 [ele
T g e =
2|
o,
_o .
= sinm,
V4 =2
V3
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Derivation of Coefficients

® In case of cut-off frequency: wj , filter order N

h(o):if Ho)do h@) = [ H(jo)e"do

J-zuL 1d 1 .ral J”d
271' o 27r
o,
[a)]uL 1 [ele
Tog e =
2|
o,
_o .
= sinm,
V4 =2
V3
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REDEL(2)

" T KAEOSA
e,
h(—l):—.[ H(jow)e “do

“eiode
272- o

1 {e’]w}(lk
27| — ] o,
_sinay
T
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Derivation of Coefficients(2)
B |In case of negative sub-script k

1, i
h(—l):g_lilH(Jw)e od g

1 eiege
27 o

1 FWT
27| — ] o,
_sina,
T
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REDOEH(3I)

—MRICLPFOIHE, BRBIIRXTHETES

hO=% =] H(je)e"do
4 2w

1 o

=—["e*do
ol
1 [elke L

N

_sintkay) (k=+1,+2,-- (N -1)

kz
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Derivation of Coefficients(3)

In general, coefficients for LPF is given by the
following.

h(0) =21 h() =] H(je)e*do
4 2

1 (o

=—["e*dw
ol
1 [elke L

N

_sintkay) (k=+1,+2,-- (N -1))

kz
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LPFD%ET

EHEIRE w =p2 ETRDIIVETHERT H5E

ho)="2_05
T

h(t) = h(-1) :%:%:o.ms

h(2) = h(-2) = SN&(7/2) 22(;[/2) =0

LPF Design

Cut-off frequency w, =p/2 , 7-th order filter

h(0) = /2 _ 05
T
h)=h(-1) =32 _1 3165
V4 T

h(2) = h(-2) = SN&(7/2) 22(;[/2) =0

in 2) -1 in 2) -1
h@)=h(-3) =332 _ =1 41061 h(@)=h(-3)=3N3(72) _~1_ 1061
3z 3z 3z 3z
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LPF?DEZET(2) LPF Design(2)
R Frequency characteristics
— FAVEERIELTOERNIEISER — Note that gain is not normalized
— ARXIEYEITIBTERT — Gain is normally displayed by dB
LPF (FIR7) LPF (FIR7)
12 12
| H\x&\& | H\’\’\
08 08
E 0.6 )\‘ E 0.6 )\‘
04 04
02 02
0002040506\ 12141618 2 22242628 3 0002040606\ 12141618 2 22242628 3
Frequency (Radian) Frequency (Radian)
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EETRIEDRE

O—/SRI4ILAD SR ER

X(2) Y(2)=H1(z)H2(z)X(z)
—p} |—] ——

— HRRBOIILHER: FTROBRRITEYIVTILEELD
— ARRBOITLEIYEGIZOMI0ITIEDF51HIC, HBHK
=EATS

JNVFATFERIEY AT L / Multimedia Distribution System 43

Cut-off Characteristics
Improvement

B Multi-stage connection of LPF

X(2) Y(2)=H1(z)H2(z)X(z)

—_— l—

® Window function
— Limited order filter: occurs ripple by Gibbs
phenomena
— Use window function to make both ends coefficients
gradually close to zero
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NIVTR
w(k) =0.54+0.46 cos(k—”) (-n<k<n)
n
NGB

w(k) = 0.5[1+ cos(l%]] (-n<k<n)
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Window Function

B Hamming Window
kz
w(k) =0.54+0.46 cos| — (-n<k<n)
n
B Hanning Window

w(k) = 0.5[1+ cos(l%]] (-n<k<n)
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FE k(@)

Hamming Window Hanring Window

12 12
1 / \ 1
08 / \ 08
Sos / \ 508
04 / \ 04
02 = 02
- .
o ol
0 -8 6 -4 2 0 2 4 & 8 10 0 & 6 -4 2 0 2 4 & 8 10
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Window Function(2)

Hamming Window Hanring Window

12 12
1 / \ 1

08 / \ 08

506 / \ 5os

04 / \ 04

02 02
— T

o ot -
08 6 -4 2 0 2 4 & 8 10 0 -8 -6 4 -2 0 2 4 & 10
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FE Sk (E))

B L ARBEBEBEOEERBHNB I ERAET S

h,(k) =h(K)w(k)  (-n<k<n)

Original FIR(21) Fiter Windowed FIR Filter

035 A 035
m 7N 2
025 025
[ 30
5 £ o5
£ o / \ £
o frarey PEr 005
P = o L4 - L. s
o1 cosf10 -8 -6 -4« 2 0 2 4 & 8 10
015 01
Gosficents Gosficients
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Window Fucntion(3)

B Filter coefficients are multiplied by values of window
function

h, (k) =hw(k)  (-n<k<n)

Original FIR(21) Fiter Windowed FIR Filter

035 a 035
m 7N :
025 025
g oz i Y 3 02
£ ] L] £ o5
£ o / £
L I an.Y S 008
003 %o W LN = 5
~ N » »
01 oosf0 8 -6 -4« 2 0 2 4 & 8 10
015 01
Gosficents Gosficents
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FE k(O]

n EERCIIBEREFEDOEE
A2 TALY
RS RS

BEHGL BE#HY
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Window Function(4)

®  Change of frequency response by window function

Gain Gain
frequency frequency
without window with window
function function
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HPF(/\A/XR T4 L) DE&ET

B FIRZAILAIZEBNA ISR T ILAERET

— EENERBERDD

— EEBRIIBEENARIANEERETS

— TANEARBERET D

— A—RRINADIGEBRBES IFLTHREEE LTS
FHEEBBDOEERDD
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HPF Design

®  High-pass filter design by FIR filter
— Determine cut-off frequency
— presume ideal high-pass filter as a transfer function
— determine filter order

— derive coefficients by shifting low-pass filter’'s
transfer function
— multiply value of window function to coefficients
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HPF8 i JB] K 28

B EEONASR IR LN SR TR
W EMTRIRE Wy =pw

IRT— H(jw)
SRR EiE R

1

05

0 Wy p D ey 2P P WHOWWP 2p
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HPF Cut-off Frequency

®  Actual and ideal high-pass filter characteristics
m Cut-off frequency: wy, =p-w,_

Power H(jw)
stop-  pass-
band band
"L
0.5
0 Wy P 2p 2p -p -WyO WP 2p
Frequency
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HPF{=ZRE SR B DB &R

B O—/SRITILADIGERBREHN
N
H ()= Y h(k)z™
k=-N

DEENANRRTANEDIREBE LT, EWE R B DR
oy =T—-0,

M5 z=exp(-jkw) IZBWT w F w-p EBL=HDITHET S

N N
Hy (@)= Y h(k)e ™ = 3 h(k)e ek~
k=-N k=-N
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Relation Between HPF Transfer
Function and Coefficients

B When LPF transfer function is given by
N
HL(2)= X h(k)z™*
k=—N

From the relation of cut-off frequency
Oy =T — 0,

HPF transfer function corresponds to the LPF’'s one
replacing w by w-p at z=exp(-jkw)

N N
H,(z)= Zh(k)efjk(mfﬂ) _ Zh(k)e"k‘”e‘k”
k=—N et
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HPFEZE M EFRHBDOBER)

" HIOBREOER
e =coskz+ jsinkz
THEND, K HFBROLEI 1, FROLEIT -1 LB
Hy(j0)=(-1)"H (jo)
1Y, NARRIALEDHEIE (Lf BRUSNHERD

hL(k):(*l)k SIn(kCOL) (k=il,i2,,i N)
kz
f=f=L
o,
h.©) =/,
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Relation Between HPF and
Coefficients(2)
m  Since
e =coskz+ jsinkz
the last term of the equation equals to 1 for even k, -1 for odd
k
H, (jo)=(-1)"H (jo)

Thus, HPF coefficients are also given by multiplied form of (-1)¢

h (k) = (0 SKa) g oy
kz
where
o,
h. )=/,
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HPFD & &t

TR AR w=p - w =p/l2 ETRDI1ILITHERT HI5E

h(0) = /2 _ 05
T
hy=h(-1)=-ND _ 1 _ 3165
T T
h(2) = h(-2) = 3" 2(n/2) _ 0
2
h@) =h(-3)=-N3T/2 __~1_ 1061
3z 3
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HPF Design

m  Cut-off frequency w,=p - w,=p/2 , 7-th order filter

h(0) 72 _ 05
T
h(@) = h(-1) = _Sin(7/2) _ 1 _ () aig5
T T

h(2) = h(-2) = SN2(/2) 22(;7/2) -0

h(3) = h(-3) = —w - —;71 —0.1061

T
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HPFMDE&ET(2)

BRE
— FAVEERELTOVENZEISER
— AEEYHIFIBTERTR

HPF (FIR 7)

12

1
08
g 06
04
o ,xx/‘/'/
o
0 02040608 1 12141618 2 2224 2628 3
Frequency (Radian)
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HPF Design(2)

B Frequency characteristics
— Note that gain is not normalized
— Gain is normally displayed by dB

HPF (FIR 7)

1
08
g 06
04
o ,xx/‘/'/
o
0 02040608 1 12141618 2 22242628 3
Frequency (Radian)
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REGEEL

RO BRI
HEHN2OSER
h(0) =0.5~8/16
h(1) =-0.3185 ~ —5/16
h(2)=0
h(3) =0.1061~1/16
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Coefficient Approximation

B approximate coefficients by fractional number
®  denominator is approximated by two’s power
h(0)=0.5~8/16
h(1) =-0.3185~-5/16
h(2)=0
h(3)=0.1061~1/16
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il

B OEERELRS w =3p/4 , SRFIREDLPFEEEE &
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®  Design 3rd order FIR filter having cut-off frequency

w,=3p/4

Quiz
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