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Multimedia Distribution System
- No.1 Digital representation of signals -

Hiroshi Watanabe
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A/D Conversion

Analog Signal to Digital Signal

Pre-filtering: Cut High Frequency Component
Sampling: Discrete in Time Domain
Quantization: Convert Value to Finite Digits

Analog Digital

Signal e Quanti Signal
F"tering Samp"ng
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Processing Diagram

Input Signal Output Signal

Pre-
Processing

Quanti-
zation

Sampling
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PCM

B PAMT—4AD1=—IFEDEYHT

PCM

B Unique Code Assignment to PAM Data

Digitized, Quantized Signal Restored Signal Digitized, Quantized Signal Restored Signal
(== Digitized Samples = Input Signal — Restored Signal — Input Signal (== Digitized Samples = Input Signal — Restored Signal — Input Signal
8 58 8 58
7 27 7 27
S 6 I 36 S s 36
T35 — il S5 T35 — il S5
2324 =4 5324 =4
23 M ] 7 s 255 [ - 4 g3
] I BN VA | 5 ] I BN VA | 5
S 2 v 22 3 2 v €2
& &
. | LEENsIN  :: . | LEENsIN  ::
o oo o oo
12345678 91011 123 456 7 8 91011 12345678 91011 123 45 6 7 8 91011
Time Time Time Time
= =2 =02 . . i .
BEL-EFLES BXEES Digitized and quantized signal Restored signal
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n 2ERRE

B, 2"+b, 2" -4, 21 + b 2°
+b, 27 4k 27"

) 0
b=
10 1

byb, ,+-bib, .bb b

a2

n
10110 =2%+22+2' =16 +4+2 =22
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Binary and Decimal Numbers

B Binary Representation

B, 2"+b, 2" 44, 21 + b 2°
+b, 27t 4 kb 27"

, 0
10 1
®  Example

10110 =2 +22+2'=16+4+2=22

byb, 1 by, .bb b

a2
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 LALEEE Y

Level# Bit Code

2 1 0,1 2 1 0,1
4 2 00, 01, 10, 11 4 2 00, 01, 10, 11
8 <) 000, 001, 010, 011, 100, 101, 110, 111 8 3 000, 001, 010, 011, 100, 101,
110, 111
2n n 00..0, ..
2n n 00...0, ...
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Binary Code

®  Level and Bit Numbers

Level#s Bit Code
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m Level

B

LAR)L:

PCMFSDEIYET

Codeword Quantized Signal

0 000

1 001 _8

2 010 e

3 011 g3

4 100 s N
c2

5] 101 St [ 4 H L L
oo

6 110 123 456 7 8 9 1011

7 111 Time

1 2 3 4 5 6 7 8 9 10 11
7 7 6 5 3 3 4 4 1 3 7

111 111 110 101 011 011 100 100 001 011 111 / 33 bit
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m  Level Codeword Quantized Signal

=0 000

- 1 001 _8

- 2 010 3.

. 3 011 g5

- 4 100 s N
22

-5 101 ERe [ 4HL TT‘L
oo

- 6 110 123 456 7 8 9 1011

.- 7 111 Time

Assignment of PCM Code

Time: 1 2 3 4 5 6 7 8 9 10 11
Level: 7 7 6 5 3 3 4 4 dl 3 7
Code: 111 111 110 101 011 011 100 100 001 011 111 / 33 bit
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m Level

w N e

B
e

LARL:

ARG T—REHRE — 8FELALED

il

Codeword Compression by Reducing Q-Levels
00 [== Digitized Samples —— Input signal |
o1 _a

B
10 83 &
11 s, I ™~ I
T
S
i I Ll I
5
]
So
1 2 3 4 5 6 7 8 9 10 11
Time

i1 2 3 4 5 6 7 8 9 10 11
3 3 3 2 1 1 2 1 0o 1 3

11 11 11 10 01 01 10 10 OO0 10 11/ 22bit
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m Level Codeword

Basic Data Compression —
Reducing Number of Quantization Levels

Compression by Reducing Q-Levels

0 00 [= pigitized Samples —— Input Signal |
1 01 4

2 10 3 &
3 11 ™

123 456 7 8 91011
Time

Quantization Lavel
RN
——

o

Time: 1 2 3 4 5 6 7 8 9 10 11
Level: 3 3 3 2 1 1 2 1 0 1 3
Code: 11 11 11 10 01 01 10 10 00 10 11/ 22bit
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m Level
0

No b wNRE

B
e

LARL:

EARKWGT—3EMRE — 2580

Codeword Compresson by Reducing Sampling
000 Frequency
001 B Digitized Samples —— Input Signal
010 H
c
011 2_%
SN
100 EEE
2
101 3 1
0
110 1 2 3 4 5 6
111 Time

i 2 3 4 5 6
7 6 3 4 1 7
111 110 011 100 001 111 / 18 bit
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Basic Data Compression —
Reducing Number of Samples

Level  Codeword Compresson by Reducing Sampling
0 000 Frequency

001 = Digitized Samples —— Input Signal
010 8

011
100
101
110
111 Time

Quantization

No b wNRE

Time: 1 2 3 4 5 6
Level: 7 6 3 4 1 7
Code: 111 110 011 100 001 111 /18 bit
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%l 7HRJESE
0 2.12 Analog signal
1 1.80 2
2 1.30 3
3 1.00 15
4 -0.50 s 1
g o5
5 -0.12 [ I D7 VA
6 0.42 05t 2 3 4 5% 7 1\9/{0 1
7 -0.02 -1
8 -1.17 e
9 -0.08 Time
10 1.84

19

Quantitative Analysis

Time Analogue signal Value

0 2.12
1 1.80 Analog signal
2 1.30 25
3 1.00 2
4 -0.50 15
@ 1

5 -0.12 E‘ 0.5
6 0.42 g o
7 -0.02 -0.5 2 3 4 \5/6 7 s\g/{o 1
8 -1.17 e
9 -0.08 Time
10 1.84
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EERRET (2)

. EFERTYT dOEH

a=2/
L V:ANBEEQEALE
n L:2FELAILE

L=2" n:&HSOEVMK

V=2.2,n=4 D&E L=16 THEINS
d=0.275
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Quantitative Analysis (2)

B Calculation of Quantization step d

=2/

B Example

V:Maximum value of input
L:number of quantization levels

L=2" N : number of bits for code

When V=2.2, n=4, L equals to 16, thus,
d=0.275
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EE R (3)

" EFLREEN: O

d2  de
kd (k+1)d

, 1 q 11 3d/2 _d7
Gq_ELﬂzX X_E EX - /12
I2

—d
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Quantitative Analysis (3)

B Quantization Error Power: 02

q

dr2  dr2

kd (k+1)d
d/2
1 pdi2 111 2
e freiie] -
d J-ds2 d13" |,
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EERIEEN (4)

B BFEIZLBESNRGEEXESL)

|9

SNR(dB) = 20l0g,, Z* =10lo0g,,
(e}

q (o

an

" ANESOHE: O (ERLETILBXIE)

Gi =4V?
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Quantitative Analysis (4)

B SNR (Signal to Noise Ratio) caused by Quantization

|9

SNR(dB) = 20l0g,, Z* =10lo0g,,
(e}

q (o}

an

. . 2 . .
B Variance of Input signal: G, ( maximum value for image
processing )

cl=4v?
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EERIEMT (5)

B nEVFEFEEOSNROEH
Ay,
SNR(dB):lOIowa

_ar

av?/1212

=10log,, 121°

=10(log,, 3+2log,, 2)+20log,, 2" log,, 2=0.301
=10.79+6.02n log,, 3=0.477

=10log,,

1bit 6aBD LA
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Quantitative Analysis (5)

B Calculation of SNR at n bit quantization
avr

d?/12

—10l0q.. _V?

= 4ViVYy W

=10log,, 12L*

=10(log,, 3+2log,, 2)+20log,, 2" 109, 2=0.301
=10.79+6.02n log,, 3=0.477

SNR(dB)=10log,,

Rule: 1bit 6aB
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FAE

n EGERNE - ERHERTREAMELTHRONDRIIA LT OE S

Sampling

B Can we recover original analog signal from sampled

BB EETTHIENTELN? digital data?
Do<YTILTBAN aWTILTHIAN Slowly Changing Inputs Rapidly Changing Inputs
I\ " L r\\ H“\ '
e 7
N i WY AN A W JM
s A Q\ :
Looks like recoverable Looks like requesting fine
HOMERTLETTEEZS MONEEREDABEZS even with coarse sampling sampling
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STV ER (1)
. HUTYUTREREANEBOESARKICEEELEZRIAHY
5

B /oY VT REB(FAFRNDEE)
— FERAREE x() DREIREAR A D f,(Hz) LTFICHIRIh TS
LE HUTYUTHIRE U(2f,) UTICHIRI L, Bohiz
HUTLRIMSHEDEGERERTLICETTED,

m FARRMENE: TSUQRE), FAEFREREC 2f,
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Sampling Theorem (1)

®  There is a significant relation between a sampling
period and the maximum frequency of an input signal

B Shannon’s Sampling Theorem (Nyquist Theorem):

— “If the frequency component of an input signal x(t) is
less than f, (Hz), we can recover the original
continuous signal from sampled data by setting
sampling interval less than 1/(2f))”

B Nyquist Interval: T=1/(2f,), Nyquist Frequency:2f,
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ST ER (2)
n FEFARINGEOTI-)IERFIEIRKXTEALNS

X(f)= L X(t) exp(— j2At)dt @)

X(t) = j'f X () exp(j2At)df @

B XOEI-IIRHEMTNIERXEES

X(f)= icn~exp(j2nfn/(2fm)) 3
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Sampling Theorem (2)

B Fourier Transform Pair with Limited Frequency
Bandwidth

X(f)=] ” x(t) exp(— j 27ft)dt (€)

fn .
X(t) = L X (f)exp(j2rft)df @
B Fourier Series Expansion of X(f) can be written as

X(f)=3C, exp(j2nn (21, )) @)

n=—o
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YT TER (3)
B CIT - UTHEORY C, RUTOLSIHE

1 .
C, :ﬁj—w X(f)-exp(—j2An/(2f,)) df

N L @
2f, | 2f,

B XODRRINLRAR
IMI f

-fi
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Sampling Theorem (3)

® Where C, is written as follows

1 fn .
c, :ﬁifm X (f)-exp(~j2an/(21,)) df

B L o)
2\ 2f,

B Shape of X(f)
X(f)

-

-fm 0
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ST ER (4)
H(B),DEXQ)IRATIE XRXEHRD

x(t)=f:[i ! x( L}exp(szzfn/(Zfm))}exp(erzﬁ)df

=2t 2f,
= n
= X| h,(t
by [zfm] .
bt [l K (3= 4
oy ) sin27tfm(t—2r; )
h,(t) = j, Fexp[ jZ;zf(t—F)]df = o
T m 27, (t- )
2f,
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Sampling Theorem (4)
Substitute (3),(4) to (2), we obtain

X(t) = jﬁ"”m {mi x[— ﬁ]-exp( j2An 2 fm))}-exp( j24t) df

Where h(t) is

n

o 1 sin2;z'fm(t—2f )
h@ =" —exp[jan t--" )jdf —
" 21, 21, P
21,
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ST ER (5)

"/onf-HER
< n
t)= — |h,(t
0= 351 o

hIEH TS RERADL = 1(2f,) ISBIEND & EHMLA
NES x(t) HBEERRIICH U TILEShI-EE (PAMIES ) x, LB
FIZEELEBE D4 L AD AL REEN (D SBRTESIE
#RLTLVS,

& osin2af (t—nAt)
t) = m
O me 27, (t—nAt)
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Sampling Theorem (5)
The obtained result

= n
xt) =Y X(ﬁ] h, (t)

n=—c

The result shows that the continuous input x(t) can be
recovered from sampled sequence (PAM signal) x, and
the ideal low-pass filter’s impulse response h,(t) if the

sampling interval is chosen to Dt = 1/(2f,)

& osin2Af (t—nAt)
t) = el Sl
X Z;X 24, (t—nAt)

RNVFATAFEIEVAT L / Multimedia Distribution System 40

1

AVIIMTFAORICRBINA—T 14 1ES
— 16EwkPCM

- xwav 774JL(PC/WS)

— BERKHFE: 0 - 22.05 kHz

— YUTYLYEIRE: 441 kHz
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Example

Audio Recorded in Compact Disk

— 16bit PCM

— *.wav file in PC/WS

— Playback Frequency Range: O - 22.05 kHz
— Sampling Frequency: 44.1 kHz
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HEE DR

. J—IRKER
— B x(t) OZEH ¢ AR [0, T]ISEROATULRIE, x(t) (R
KDELSITT—YIRBEERBEEALZABR) ICRATE
)

x(t) = 3, exp(j2nt/T)

— ZZIZ. C, F7—IRBBOFZHTHD

1 . /TYd
Cn:?-[0 x(t)exp(—j2znt/T)dt
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Mathematical Preparation

B Fourier Series Expansion
— If variable domain of function x(t) is limited [0, T],
X(t) can be expanded by Fourier series (complex
trigonometric functions)

x(t)= D.C, exp(j2ant/T)
— Here, C, is Fourier Series Coefficients

1 .
C, = ?L x(t)exp(—j2znt/T)dt
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BE My DF

. HIOMORE

X, =X, + X, oo F X,

‘M’
Il

Il
N
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Review: Summation of Series

B Representation for Summation of Series

X, =X, + X, oo F X,

n
i
i=1
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B 5
n EES ESBEHSRFOTVSES

3
rxzdx:[}xﬂ =1(33—13)=§
! R 3

B AEES EPHEOEVES, Mr0sER
jx dx = 1x2
2

Jsin Xdx =—cos x
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Review: Integral

m  Definite Integral : Integral Range is defined
3
fxzdx M :1(33 -1% _2%
! 37 ] 3 3

®  Indefinite Integral: Integral without Range, Anti-
derivative

dex:%x2

J'sin X dX = —Cos X
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B BRPLIRY jEETH
j=v-1
B ERERBBEHOBERBOMESLVROERIT
x=a+jb, y=c+jd
ETBHE
x+y=(a+c)+ jb+d)
xy =(a+ jb)(c+ jd)

=ac+ j’bd + j(ad +bc)
=(ac—bd)+ j(ad +bc)
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Review: Complex Number

B Complex Number has imaginary part j

j=-1

B When we have two complex numbers,

x=a+jb, y=c+jd
Addition and Multiplication of these numbers are
x+y=(a+c)+j(b+d)
xy=(a+ jb)(c+jd)
=ac+ j’bd + j(ad +hbc)
=(ac—bd )+ j(ad +bc)
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BE =AY

m  sin, cos, tanlE, ENKSICEREShEN?

X
cosf=— (x=1zcosb)

z

y y
sing == (y=1zsin6) z

z

sin @ q

tang =2 (tanf=——)

X cosé X
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Review: Trigonometric Function

B How can sin, cos, tan be defined?

X
cosf=— (x=1zcosb)

z

y y
sing == (y=1zsin6) z

z

sin @ q

tang =2 (tanf=——)

X cosé X
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EE AR
N EREMEE QLSRR DH 7

e* =exp(x)

n EHREHOMESIVHEOEL L ? i’
eaeb — ea+b

e’ /e”=e*"

eab — (ea)h
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Review: Exponential Function

®  How exponential function can be represented?
e* =exp(x)

®  Addition and Multiplication
of exponentials ?

y
4

a+b

e*e’ =e

e?/eb =g
eab — (ea)h
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BE EHEH (2)
B EHEBICERIELHOLE, TOROBEKE?
el =cos@+ jsing

n EREHEHOHEE?

Review: Exponential Function

)

B What is the number having Imaginary number in exponential

part?

el =cos@+ jsing

®  Multiplication of these numbers

Im: & $h e Im: Imaginary Axis
ejaejb :ej(a+b) H ejaejb :ej(a+b) i
n ERELOFRE? m  Advantage of this expression
- RORBENHE — Simple wave notation _ _
- TOTSLNES — Easy programming Re:Real Axis
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5l Example

B 2=-1 THDHIL%E, eli(q=plR)ZALTIHERAE &
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m  Prove j2=-1 by using e 11(q=p/2)

RNVFATAFEIEVAT L / Multimedia Distribution System 58

HEDER (2)

B - IRHERIERBERTHS
n FEHBEREEXERCERATES (GEALEARARMD/ST—h
ARTHZHHD)
— FEHREH x()=x(t+nT)
- EXEHAELSF
— B x (1) & %) NROBFREHOLE
1 ¢7/2 *
= L/z X, ()%, (®)dt =0 R
X () & %,(t) [Z4B1 [-T/2, TI2] LBV CEXT S
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Mathematical Preparation (2)

B Fourier Series Function is Orthogonal Function

®  Periodic function can be expanded by Orthogonal
Function since the power of basic domain is limited

— Periodic function x(t)=x(t+nT)

— Orthogonal Function: Inner Product equals zero

— When function x,(t) and x,(t) has the next relation
L7 %, @dt =0
— X X = *:Conjugate
= IRATA jug

X;(t) and x,(t) are orthogonal in domain [-T/2, T/2]
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D (3)

B RIMLOERENE
— BERAIML {v,v,} FEREELES
— {v, v} [ KESAT1DEE, EHREXRZTHHEES
— EEOAARNIRLY IF v, & v,0RBEETRSND

y=CV+GV,

G =(y-v)
C=(y:V,)
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Mathematical Preparation (3)

®  Orthogonal and Inner Product at Vector
— Orthogonal Vectors {v,,v,} are called orthogonal
basis
— {vy, v,} are called orthonormal when they are unit
vector (size 1)
— Arbitrary input vector y can be described by a linear
combination of v; and v,

y=CV; +C,V,

G =(y-v)
C=(y-V,)
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1

B v &V BUTORIGE2RIANINLTHDEE, BERXLTNSS
LETYE

V5 2 2 6
V=0, 2h W, =a-o, =
3'3 33

B RORIRL % v, &, CRBEEE

folB o1
13 3
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Example

m  Show the orthogonal characteristic when v, and v, are
the following

{2 i
3 '3 3 3

m  Expand f by v; and v,

(ol
13 3
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HEDER (4)

B N-RIENTFILADHER

f=cV,+C,V, +--+C,V,

n —
=V
i=1

ZZIz

G :(?\7;)
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Mathematical Preparation (4)

B Extension to n-dimensional vector

f=cV,+C,V,+---+C,V,

n —
=y
i=1

where

G =(?\7.)
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D (5)

n =ABNEEE [p P TEREXRRELT

Mathematical Preparation (5)

B Trigonometric functions are orthonormal at domain [-p,

Pl
{1, \/2 cos x, +/2 sin x, v'2 cos 2%, /2 sin 2x, -+ }
. {l,«/Ecosx,x/Esin x,«/Ecost, J25sin 2X, -}
BERS
1 1 since
—LZcosnxcosnxdx:l (n=12,-) Z—L«/Ecosnxdx:o (n=12,-) 1 1
21” " 1” —J' 2cosnxcosnxdx =1 (n=12,-) —j' V2 cosnxdx =0 (n=12,-)
—J 2sinnxsinnxdx =1 (n=12,-) —j' J2sinnxdx =0 (n=12,) Cand 2zr
27 2z 1 (v, " 1 "
—J' 2sinnxsinnxdx =1 (n=12,--) —j J2sinnxdx=0 (n=12,--)
- 2z 21
%J"}cnsmxsin nxdx =0 (n=12,-)(M=12,-)
1” ij‘ 2cosmxsinnxdx =0 (n=12,--)(m=12,--)
Z—J.YZ(:nsmxcosnxdx:O (n=12,--)(m=12,-) 2o
1” ij‘ 2cosmxcosnxdx =0 (n=12,--)(m=12,--))
Z—J‘YZSinmxsin nxdx =0 (n=12,--)(m=12,-) 2m s
e iJ.Wrzsinmxsm nxdx =0 (=12 )(m=12,--)
21
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Napeys P g g
BMED#HE (6) Mathematical Preparation (6)
. FAETLSEHKI () ORI IRMEFAIRATEZLND m  Real Fourier Series Expansion of f(t) with period T
ft)=a,+. (a,cosnmt+b,sinnagt) (o, =27/T) f(t)=a,+. (a,cosnmt+b,sinnagt) (o, =27/T)
n=l n=1
pustend el where
1 1.0
ao:?L f(t)dt ao‘?L ft)dt
2 (T 27
a, :?L ft)cosnoptdt (@, =27/T,n=12,-) a, :?L ft)cosnoptdt (@, =27/T,n=12,-)
2 (7 . 2 (7 .
b, :?L ft)sinnagtdt (@, =27/T,n=12,--) b, —?L ft)sinnagtdt (@, =27/T,n=12,--)
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gepr 2l P g g
BEDER (7) Mathematical Preparation (7)
. FAPTESEKI () DERT I IRBERIRATEALND m  Complex Fourier Series Expansion of f(t) with period T
@ @
f(t)= > C,exp(inmyt) f(t)= > C,exp(inmyt)
n=—w N=—©
pustend where
1 (112 . 12 .
C,=1 [ t@yexp(-inagt)dt Co ==, TR jnatdt
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