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BCH#F B (Bose-Chaudhuri-Hocquenghem code)

K 3

- &
o Fub Tl 1959
e R—X, F3—K1), 1960
BE5

e E—4—V2, 1961
e /N\—LAH>T, 1968, ¥vi A, 1969
e Fx>, 1964

i -BESIE% / Coding Theory and Cryptography




B BCH code(Bose-Chaudhuri-Hocquenghem code)
— Coding
e Hocquenghem, 1959
e Bose & Chaudhuri, 1960
— Decoding

e Peterson, 1961
e Berlekamp, 1968 & Massey, 1969
e Chien, 1964
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BIR{&X GF(2™m) DRIBITZ0EL, o, a?, ... ,a2t DETZEEEL
THEO/IMNRHMDODZERZEMRZEXETLHIAFER n=2"-1 D
KEFESEBCHASELD

d=2t+1 < 2m-1

e 2M-1
EIRE YRS k>= 2Mm-1-mt
ARYURTIEREN: t,>=t
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BCH Code

B Let the primitive element of Finite Field GF(2™) be o.
BCH code is a cyclic code having generator polynomial
with code length n=2™-1. This is the minimum degree
polynomial that has all root o!, a2, ... ,a?t

d=2t+1 < 2m-1
code length: 2m-1

information bits: k>= 2M-1-mt
error correction capability: t,>=t

i -BESIE% / Coding Theory and Cryptography




A BRI

BRALIE?
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GF(q)TEY
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Finite Field

What is finite field ?

Addition and multiplication result in finite number of
element

Finite field is also called “Galois field”
Represented by GF(q)

A\ {4

q” is called “order”

Finite field exists when order q is prime number or
its power
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AHRE (2)
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. HREADH
- GF(3) mod3 MEE, #xhOFENNLE
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Finite Fiel

(2)

B Example of finite field

- GF(3) mod3 operation, needs existence of inverse
element
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_ IR /W N N ¥
- HE®& GF(P) = KL=t D
- GF(2) IZxLT GF(2™) IFHh K&

- IRETIE, FTIEBHZITTIE>HGES, mMREFNZIRKXDIRZ
n

B LREDH
- GF(22)=GF(4) I% GF(2) OHEKIK
- BRZEAXDRZITICNAS
- X?+x+1=0 [F2REENZIAXTHY, CDRo ZITITMA D
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Extension Field

B What is extension field?
— Finite field GF(P) is extended
- GF(2™) is extension field for GF(2)

— In extension field, element is not only integer but
root of m-th degree irreducible polynomial

B Example of extension field
GF(22)=GF(4) is an extension field for GF(2)
Root of irreducible polynomial is added

x2+x+1=0 is 2nd degree irreducible polynomial,
thus this equation’s root a is added to the element
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B L RKAEOHFI(FRE)
- 0,1, abtttdDITERKRD S
- ARTEBIRILAEDTIZEEND

=a+] (o0’+a+l=0,0=-0)

—oa’ =o(a+l)=a+l+o=1

FESEH-ESHE5% / Coding Theory and Cryptography




Extension Field (2)

B Example of extension field(cntd.)
— Obtain other element from O, 1, «

— In field, product of elements is included in the
elements of the same filed

+] (0’ +a+1=0,00=—0)

o’ =afa+l)=a+1+o=1
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Py—

B HKEOH(HE)
- GF(4)0,1, 0, 0> ZLeET S

fehe =O  Oxz SO
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Example of extension field(cntd.)
— GF(4) has element 0, 1, a, a?

Uiad
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KK (4)

B —f2IC GF(2) OMRILKAE GF(2m)
- 0 8LV mMREHNZSEADIR

Z GF(2™) MIRI8ITTEMES
- EH, aldk 2M-1 FETLUIZRED
aZI’I?_] _ 1

- GF(2™M) OIRIBITDAS(ICEDARBE"NERT"ELNVD
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Extension Field (4)

B In general, m-th degree extension field GF(2™) for
GF(2)
— We call 0 and root of m-th degree irreducible
polynomial

primitive element of GF(2™)

- Here, a to the power of 2™-1 result in 1
E—

o =1

— Representation of GF(2™) by primitive element is
called “power representation”
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Wi KK (5)

Py—

B RERFERINLEKRE
B GF(2%), BEZ1ERK x*+x+1 ORZalL-1BE

RERIR |03, 02, 0, 1 [CKBER NJRIILERIR

0 0000
1 0001
0010
0100
1000
0011
0110
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B Power and vector representation
m GF(2%), let root of irreducible polynomial x*+x+1 be a

Power Extension by a3, a2, a, 1 Vector
Rep. Rep.

0 0000
1 0001
0010
0100
1000
0011
0110
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Wi KK (6)

a3, 02, a, 1 [CKDERF

ROMLRE

+ o2
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1101

1001
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Extension by a3, a2, o, 1

Vector Rep.

+ o2
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+1
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+1
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B BEDOELY
- GF2HEDZBIER F(X)=1+x+x3 hld ZIRETBEE, o2
HIREH S

’ =(x3+x+])2

=x’+x"+x7+x" +
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Construction of BCH Code

B Double root

— When polynomial F(x)=1+x+x3 has root a' on
GF(24), a?' is also a root
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BCHEFE DR (2)

-y R il b v vV 9

B ROELY(HES)
- ZEADEZoEITNE—RITUTORMKYILD

fla)={f(a)}*=0 (t=1)
fla?)={f(a)} =0 (t=2)

fla’)={f(a)}]"=0 (t=3)

— o, 03, 0, ... i RELTHEOGFRA) LD ZERIE, o?, of, af,

L HIRELTEDODT, a, 03 ..., a2 DHEDITEIRELT
FOR/INIRBDZIEXZEMZIENXET S
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Construction of BCH Code (2)

Double root(cntd.)
- In general the following relation holds when root of

polynomial is written by «a
fa)={f(a)y =0 (t=1)
f(a')={f(a)}' =0 (t=2)

fla’)={f(a)}"=0 (t=3)

Polynomial on GF(2) having o, o3, o>, ... as roots also has
a?, at, ab, ... as its roots. Thus, the minimum degree

polynomial having t elements a, o3, ..., a?t! as its root is
the generator polynomial
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BCHFEDHERZ n=2m-1, GF(2™) D/RIRTZE a &L, o DEx/INE
IEXE M(x) &95

EREER G(x) &
- G(X)=LCM{M,(X), My(X), ..., My (X)}
(Z2IZ, LCMIER/MAMEZIER)

- LHL, My(X)= My (X) EBBEHREMKILT DT
- G(x)=LCM{M;(x), M5(X), ..., My (X)}

G(X)DEERHEAMTHNIE, BREEVISME VL, FEHRE VK
k=n-m=2m-1-m

ERSEXICEOHE/NEEADAMNRYETIERANICHES
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Construction of BCH Code (3)

Let the length of BCH code be n=2™-1, let the primitive
element of GF(2™) be «, the minimum polynomial of a'is
M;(x)

Generator polynomial G(x) is given as follows.
- G(X)=LCM{M,(x), Mx(X), ..., Mx(X)}
(Here, LCM is Least Common Multiple polynomial)

- However, the relation M,.(x)= M,.;(x) holds. Thus we
have

- G(x)=LCM{M;(x), M3(X), ..., Mp¢1(X)}

When the maximum degree of G(x) is m, parity bit is m,
information bit k is k=n-m=2M-1-m

The number of minimum polynomial in generator polynomial
corresponds to the error correction capability
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m=4 (GF(24), n=2m-1=24-1=15, O &E2E Yy, 5—ETIER]
84 BCHAF 2 O 4 F S TS D H!
Ct=2 &Y My (x) & My(x) EROAIELL

M(x)=(x-a)(x—-a’)(x—a’)(x—a’)

=(x+o)(x+o’ )(x+o’ )(x+a’)
=x"+(a+a’+a’+a’ )x’
+(o’+o’+0’ +a’ +a’’ +a’ )x’

+(o +a" +a” +a )x+a’”
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Derivation of generator polynomial of BCH code for 2
bit error correction when m=4 (GF(2%), h=2m-1=24-
1=15

From t=2 , we only need M;(x) and M5(x)

M(x)=(x-a)(x—a’)(x—a’)(x—a’)

=(x+oc)(x+oc2)(x+oc4)(x+oc8)
4 2 4 8\ 3

—x'+(a+a’+ao’ +a’)x

+(o’+o’+0’ +a’ +a’’ +a’ )x’

+(o +a" +a” +a )x+a®”
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M;(x)=(x-a)x—a’)x-a ) x-a’)

=(x+a)x+a)x+a)(x+a’)

=x'+(@+a’+a+a’)x’

+(a’+a’ +a+a” +a +a)x’
+(@’+a+at +aHx+a

=x' X +x +x+1
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B Similarly

M;(x)=(x-a)x—a’)x-a ) x-a’)

=(x+a)x+a)x+a)(x+a’)

=x'+(@+a’+a+a’)x’

+(a’+a’ +a+a” +a +a)x’
+(@’+a+at +aHx+a

=x' X +x +x+1
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B AEHZERE G(X)=M,(x)Ms(X) THEMS
G(x)=(x"+x+1)(x"+x +x" +x+1)

=x"+x"+x"+x" +1

B BCHRESDH®REEYMEBE YL, FERIFISEVLTHEMD, 1§
H|EVRE7E YR, 2EVRDIRYETIEA AT HE
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Generator polynomial is G(x)=M;(x)M5(x)

G(x)=(x"+x+1)(x"+x +x" +x+1)

=x+x +x+xt 41

Parity bit of BCH code is 8 bit, code length is 15 bit, so
that information bit is 7 bit, and 2 bit error correction is
possible
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B [FEEYE (1000 000) I2x9 BH2E Vv rERYETIE AI 8E%BCH AT
SNDEH
- n=15, m=8, k=7
- BHROBZEVFZEZEAPX)DZFRHMALIESE P(x)=1
- FERIZEHDETEYRTH
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B Derivation of BCH code which can correct 2 bit to
information bit (1000 000)

- n=15, m=8, k=7
- By comparing information bit to each coefficient of
polynomial P(x), we have P(x)=1

— bit shift by considering code length
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B BCHHEESMOREEYMILRFZERZEXTE-zKY
X°P(x)+G(x)=x"+(x"+x"+x"+x"+1)
O(x)=1

R(x)=x"+x"+x"+1

B FEFX)IERATHETES
F(x)=x"P(x)+R(x)

= J+x +xC +x" +x°
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m Parity bit of BCH code is the residual of the previous
equation divided by generator polynomial

X°P(x)+G(x)=x"+(x*+x" +x"+x"+1)
O(x)=1

R(x)=x"+x"+x"+1

B Code F(x) can be calculated by

F(x)=x"P(x)+R(x)

= J+x"+xC+x" +x°
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BCH%F

m (1000000) [Zx9 HBCHF &
1 X X2 X3 X4 X5 X6 X7 X8 X9 X].O Xll X12 X13 X14
1000 1011 1 0O0O0O0O0O0
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m BCH Code for (1000000)
1 X X2 X3 X4 X5 X6 X7 X8 X9 X].O Xll X12 X13 X14
1000 1011 1 0O0O0O0O0TGO
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BCH4%

B ARZERK G(X)=x8+x7+x6+x4+1 TERLI=-FEZZ{ELT-
B A% (1000 1011 0100 000) MEE, BUEVRDEEZE
K&HB
- ZEZHER Y(X)=1+x4+x0+x7+x% BYNEZ i,j £T5

&, E(X)=x1+Xx
- t=2 &Y 0, o?, o3, o* [IXTFTHIFA—L S-S,

S, =E(a)=a'+ao’
S,=E(a’)=0""+a’’
S, =E(a’)=0"" +a’’

S,=E(a’)=0" +a"
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B Obtain location of 2 bit error when (1000 1011 0100
000) is received, originally coded by
G(x)=x8+x"+x6+x4+1
— received polynomial is Y(X)=1+x*+x5+x"+x°,

location of error is i,j, then E(Xx)=X"+X]
- from t=2, syndrome S,-S, are given by a, o?, a3, ot

S, =E(a)=a'+ao’

S,=E(a’)=0""+a’’
S, =E(a’)=0"" +a’’
S,=E(a’)=0" +a"
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S =Y(a)=1+a’+a’ +a’ +a’ =a”

S,=Y(a’)={Y(a)} =a” =a’

S.=Y(a’ )=l+a”+a’ +a’ +a” =a’

S,=Y(a')={v(a’ )} =15,V =a" = o’
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ng of BCH Code (2)

B Calculation of syndrome (substitute to received
polynomial expressed by a)

S =Y(a)=I+a’+a’+a’ +a’ =a”

S,=Y(a’ )={Y(a)} =a’ =a’

S, =Y(053)=1+05”+0518+0521+0527 =

s,=Y(a')=r(a’ ) ={5,} =a" =
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S1-S40 R

S =a”=l+a’+a+a’

—a’+a’




Extension of S1-S4

S =a”=1+a’+a+a’

—of +a’




