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RYETIER = Error Correction Code

BCH# 5 (Bose-Chaudhuri-Hocquenghem code)
- "5

o FuiroPxzlh, 1959

o K—X, F3—K1J, 1960
- 8%

o E—4—vy, 1961

e N—Lhr7F, 1968, ¥vi A, 1969

o FrIl, 1964

m  BCH code(Bose-Chaudhuri-Hocquenghem code)
- Coding
e Hocquenghem, 1959
e Bose & Chaudhuri, 1960
- Decoding
e Peterson, 1961
e Berlekamp, 1968 & Massey, 1969

e Chien, 1964
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Fr
BCHf & BCH Code

ARIK GF(2m) DRIETEEL, of, o?, ... ,0® DETEREL
THOBRNRBOSEREERBEXETHHSR n=2"-1 0
WEFESEBCHAFE LD

d=2t+1 < 2m-1
FER: 2m-1

1EE|RE YL k>= 2m-1-mt
BBYUSTIERES: t,>=t
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m Let the primitive element of Finite Field GF(2™) be a.
BCH code is a cyclic code having generator polynomial
with code length n=2m-1. This is the minimum degree
polynomial that has all root o!, a2, ... ,a2t

m d=2t+1 < 2m-1
m  code length: 2m-1

information bits: k>= 2m-1-mt
error correction capability: t,>=t
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Finite Field

. FRIKEF? m  What is finite field ?
- MELREDOHERIARBOTNSLD - Addition and multiplication result in finite number of
- ARTRELESR element
- GF(q)TRY - Finite field is also called “Galois field”
- QERIEEMES - Represented by GF(q)
- ARKEMBQIRRDHINEZORERDEEITRYID - "q”is called “order”
- Finite field exists when order q is prime number or
its power
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AR (2) Finite Field (2)
. HREOH m  Example of finite field
- GF(3) mod3 0EH, #TOHFEENLE - GF(3) mod3 operation, needs existence of inverse
element
X | -X x | x1
0|0 0] - X | =X X | x1t
1]2 11 olo ol -
2|1 2| 2 112 1] 1
2 2| 2
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/WY Extension Field
m KA EE m  What is extension field?
- AR GF(P) #HhKLI=HD - Finite field GF(P) is extended
- GF(2) IZ#LT GF(2™) I&¥hkik - GF(2m) is extension field for GF(2)
- 1% STlERE IR P - y - In extension field, element is not only integer but
;Jn;dcﬁi'di, TEBUSTRES mRENSRXORERN root of m-th degree irreducible polynomial
m  Example of extension field
KO H

- GF(22)=GF(4) I* GF(2) DKk
- B#HZELXORETICMZD
- X24x+1=0 [F2REMNZERXTHY, COWRo #7TITMZ S
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- GF(22)=GF(4) is an extension field for GF(2)
- Root of irreducible polynomial is added

- x2+x+1=0 is 2nd degree irreducible polynomial,
thus this equation’s root o is added to the element
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uHRRIEOHI(EE)

KAE (2)

- 0,1, o iiDITERDS

- ATIIHBLRLEOTIZEEND
a’=1
a' =a
o’=a+] (a’+a+l1=0,0a=-0a)
o’ =ao’ =afa+l)=a+l+a=1
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Extension Field (2)

m  Example of extension field(cntd.)
- Obtain other element from 0, 1, «

- In field, product of elements is included in the
elements of the same filed

1
a

=a+! (’+a+l=0,0=—a)
a

o’ =afa+l)=a+I+o=1
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FEER-ES

PLRIK (3) Extension Field (3)
u KRAEOHI(FE) m  Example of extension field(cntd.)
- GF(4)0,1, 0, i2%7TET S - GF(4) has element 0, 1, a, a?
x | x x | -x x | -x
0 0 0 = 0 =
1 1 1 1 1 1
o | o o | a? o | a?
o2 | @ 2 e o |«
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JLKRIK (4) Extension Field (4)
. —f%IC GF(2) OMRILAE GF(2m) m  In general, m-th degree extension field GF(2™) for
R ) A GF(2)
- 0 B&Y mMREHWZEXDR
* - We call 0 and root of m-th degree irreducible
al ol a0l polynomial
— s 0 1 2 2m-2
% GF(2™) ORIBTEF S a,o 0, e,
- B$, alE 2m-1 FTLUZRD primitive element of GF(2™)
agm,, —J - Here, a to the power of 2m-1 result in 1
pL]
. - =1
- GF(2") ORBTOAEILHRIE RERH ENS 2
- Representation of GF(2™) by primitive element is
called “power representation”
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#KAx (5)

B RERBERIRLRE
m GF(2%), BE#%IER x4+x+1 DRZasL-15E

RERE |03, 02, o, 1 IZKBER A% 3]
0 0 0000
1 1 0001
o a 0010
o? o? 0100
o} o} 1000
o o +1 0011
o o? +o 0110
%S WSEH / Coding Theory and Cryptography 19

Extension Field (5)

m  Power and vector representation
m GF(2%), let root of irreducible polynomial x*+x+1 be a

Power |Extension by o3, a2, a, 1 Vector
Rep. Rep.
0 0 0000
1 1 0001
o a 0010
o? o? 0100
o} o} 1000
o o +1 0011
o o? +a 0110
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LK% (6)
RERR a3, o2, 0, 1 [CKDEM NYRILRE
ol o} +a? 1100
o o} +a +1 1011
of o? +1 0101
o o} +a 1010
al0 o? +a +1 0111
all o} +a?  |ta 1110
al? o +a? +a +1 1111
al? o} +a? +1 1101
[ o} +1 1001
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Extension Field (6)

Power |Extension by o3, @2, 0, 1 Vector Rep.
Rep.

o o +0? 1100

o o} +a +1 1011

of o? +1 0101

o o +a 1010

al® o? +a +1 0111

all o} +a? +a 1110

al? o} +a? +a +1 1111

al? o +0? +1 1101

alt o +1 1001
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BCHFF S DMK

n ROELHY
- GF2H)LDZER F(X)=1+x+x3 ol #RET BHLE, o2
HiIRELD
ool =( +x+1)
=x'+xf e T ]
=x'+(x +x )+ (X )+ (x+x)+1
=x"+x"+1

=f(x*)
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Construction of BCH Code

m  Double root

- When polynomial F(x)=1+x+x3 has root o' on
GF(24), o2 is also a root

ool =( +x+1)

=x'+xf e T Hx+d

=x' +(x +x )+ (X )+ (x+x)+1
=x"+x"+1

=f(x*)
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BCHFS D&M (2)

n BOELY(HEE)

- ZERAOBZWETNERITUTOXARYIID
fla?)={f(a)r=0 (1=1)
fa’)={f(a)f'=0 (1=2)
fla®)={f(a)"=0 (1=3)

— 0,03, 05 ... ZIRELTHEHOGF(2) LD ZEKIE, o2, o4, of,

L BIRELTHEDODT, o o3, .., 2 DHEDTERELT
FORMNRBOSEREEREEXET S
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Construction of BCH Code (2)

Double root(cntd.)

- In general the following relation holds when root of
polynomial is written by o

f(a?)={f(a)} =0 (1=1)
fla?)={f(o)}' =0 (1=2)
fa)={f(a)}"=0 (1=3)

- Polynomial on GF(2) having «, a3, o5, ... as roots also has
a2, o4, of, ... as its roots. Thus, the minimum degree
polynomial having t elements a, o3, ..., 21 as its root is
the generator polynomial
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BCHAFS DA (3)

m BCHHSOFHSR%EZ n=2m-1, GF(2™) DRIKETE a &L, o DRSS
BEXE M(X) &3

m AERZER G(x) (&
- G(x)=LCM{M,(x), Mx(X), ..., Mae(x)}
(21T, LCMIEHRM A E B ER)
= LU, My(X)= My (X) BEBESEITIOT

= G(X)=LCM{My(x), M3(X), ..., Mar.1(X)}

B GX)DERERBAMTHNIE, BREEVIME VL, FRE vk
k=n-m=2m-1-m

B AFSEXICECR/NSEROEARYITERDICHES
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Construction of BCH Code (3)

Let the length of BCH code be n=2m-1, let the primitive
element of GF(2™) be o, the minimum polynomial of dl is
Mi(x)

Generator polynomial G(x) is given as follows.
- G(X)=LCM{M,(x), My(X), ..., My(X)}
(Here, LCM is Least Common Multiple polynomial)

- However, the relation My (x)= M, ;(x) holds. Thus we
have

- G(x)=LCM{My(x), M3(X), ..., Mar1(x)}

When the maximum degree of G(x) is m, parity bit is m,
information bit k is k=n-m=2m-1-m

The number of minimum polynomial in generator polynomial
corresponds to the error correction capability
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BCH# S Dl

m m=4 (GF(24), n=2m-1=24-1=15, Q&E2E YT S—ETEH

g‘é‘ﬁBCHﬁ%wiﬁiﬁlﬁiﬁwﬁﬂi
- t=2 &Y My(x) & My(x) ERORIEEL
M (x)=(x—a)(x—a’ )(x—a')(x-a")
=(x+a)(x+a’ )(x+ao’ )(x+a’)
=x"+(a+a’+a’ +a’)x’
+(o’+a’ +a’ +a’ +a'’ +a? )x’
+(o +a +a” +a’ )x+a”

=x"+x+1
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Example of BCH Code

Derivation of generator polynomial of BCH code for 2
bit error correction when m=4 (GF(24), n=2m-1=24-
1=15

From t=2, we only need M,(x) and M;(x)

M (x)=(x—a)(x—o’ )(x-a')(x-a")
=(x+a)(x+a’ )(x+ao’ )(x+a’)
=x"+(a+a’+a’ +a’)x’
+(o’+o’ +a’ +a’ +a'’ +a? )x’
+(o +a +a” +a’ )x+a”
=x"+x+1

#5123 153723 / Coding Theory and Cryptography 30

FFSEG-BESIE% / Coding Theory and Cryptography




BCHFESDHI (2)

RF#RIZLT

My(x)=(x-a)x—-a’)x-a)(x-a’)
=(x+a’)x+a®)(x+a?)(x+a’)
=x*+@+a’ +a” +a’)x’
+@+a’ +a” +a? +a* +a")x’
+(@+a*+a” +ax+a”

=x'+x +x7 +x+1
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Example of BCH Code (2)

Similarly

My(x)=(x-a)x—-a’)x-a)(x-a’)
=(x+a’)x+a®)(x+a?)(x+a’)
=x*+(@+a’ +a” +a’)x’
+@ +a’ +a” +a? +a* +a")x’
+(@+a*+a¥ +ax+a”

=x'+x +x7+x+1
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BCH#&FSDHI (3)

EMBIERE G(x)=M,(x)M5(x) THEHS
G(x)=(x"+x+1)(x"+x’ +x* +x+1)
=x +x+x x4l

BCHHEDHBREE YN EBE Y
H|EVMI7E VR, 2EVL DA

HERIZISEVRTHDIM D, 1§
STIEASATHE
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Example of BCH Code (3)

Generator polynomial is G(x)=M;(x)M5(x)
G(x)=(x"+x+1)(x"+x +x* +x+1)
=xt X +x x4 1
Parity bit of BCH code is 8 bit, code length is 15 bit, so

that information bit is 7 bit, and 2 bit error correction is
possible
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BCHFFSDHI (4)

1&#RE vk (1000 000) 2349 %2E whiRYETIE AT AELBCHAF
SOEH

- n=15, m=8, k=7

- BEROBEVMEZEXP(X)DEFRBIKIESE DL P(x)=1
- BEERICADETEYNTIH

x*P(x)=x"
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Example of BCH Code (4)

Derivation of BCH code which can correct 2 bit to

information bit (1000 000)

- n=15, m=8, k=7

- By comparing information bit to each coefficient of
polynomial P(x), we have P(x)=1

- bit shift by considering code length

x*P(x)=x*
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BCH&ES DI (5)

m BCHHSORECEYMEEXZERSERTE>-RY
X¥P(x)+G(x)=x" +(x* +x +x"+x" +1)
O(x)=1
R(x)=x"+x"+x"+1

B FEFX)ERXTHETED
F(x)=x"P(x)+R(x)

=1+x" +x" +x" +x*
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Example of BCH Code (5)

m  Parity bit of BCH code is the residual of the previous
equation divided by generator polynomial

XP(x)+G(x)=x" +(x" +x +x"+x"+1)
O(x)=1
R(x)=x"+x"+x'+1

m  Code F(x) can be calculated by
F(x)=x*P(x)+R(x)

=1+x" +x" +x +x*
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BCH&FSDHI (6)

m  (1000000) =34 ZBCHEE
1 x XZ X3 X4 XS XG X7 XS X9 XlO X11 X12 X13 X14
1000 10111000000
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Example of BCH Code (6)

m  BCH Code for (1000000)
1 x XZ X3 X4 XS XG X7 XS X9 XlO X11 X12 X13 X14
1000 10111000000

#5123 153723 / Coding Theory and Cryptography 40

BCHHFENES

B ERBER G(X)=x8+x7+x6+x+1 THERLE=HFEEZELE:
#EA (1000 1011 0100 000) M&E, WYL vhDEEE
KHB
- REZER Y(X)=1+x4+x0+Xx7+x° RYNEZ i,j £T5

&, E(x)=xi+x
- t=2 &Y 0, 02, &3, o IZHFTHIURE—L S-S,
S, =E(a)=a' +a’
S,=E(a’ )=a” +a’/
S,=E(a’)=a’ +a¥

S,=E(a’)=a +a®
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Decoding of BCH Code

m  Obtain location of 2 bit error when (1000 1011 0100
000) is received, originally coded by
G(X)=x8+x7+x6+x4+1
- received polynomial is Y(x)=1+x4+x6+x7+x2,

location of error is i,j, then E(x)=xI+xi
- from t=2, syndrome S;-S, are given by q, 02, a3, oa*

S, =E(a)=a' +a’
S,=E(a’)=a” +a’/
S,=E(a’)=a’ +a¥

S,=E(a’)=0a"+a
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BCHHFSDES (2)

B JURO—LDHE(uDREZEA~DKA)
S,=Y(a)=1+a’+a’+a’ +a’ =a”
S,=Y(a’)={V(a)] =a” =a’
S,=Y(e')=1+a"” +a” +a” +a” =a’

S, =Y(a')= {Y(az)}Z :{SZ}Z —a® =

%S WSEH / Coding Theory and Cryptography
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Decoding of BCH Code (2)

m  Calculation of syndrome (substitute to received
polynomial expressed by a)

S, =Y(a)=1+a’+a’+a’ +a’ =a”
S2 :Y(OCZ)Z{Y(Q)}Z :a24 :as»
S,=Y(a’)=1+a" +a” +a” +a” =a

S, =Y(a')= {Y(az)}? :{SZ}Z —a =g’

8
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BCHHFSDES (3)

m S1-SADER
S, =a” =1+’ +a+a’
=a'+a’
S,=a’ =a+a’
:a2x8+a2x9
s, —ab=l+a’=a> +a’
4x9

S,=a’=d’+a’+a’ =a" +a i=8, j=9
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Decoding of BCH Code (3)

m  Extension of S1-S4
S, =a”=1+a’ +a+a’
=a’+0’
S,=a’=a+a’
:a2><8 +a2><9
S,=a’=1+a’ =™ +a*’
S,=a’=a’+a’+a’=a™ +a™  i=8,j=9
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