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Coding Theory / Cryptography
- No.6 Boolean Algebra -

Hiroshi Watanabe
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Two binary operations
— addition +
— multiplication

Single operation

— negation —

Variables
— 0,1
— Binary algebra
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KA
— A+B=B+A
— A-B=B-A

71 B A Al

— A+(B+C)=(A'B)+(A-C)
— A+(B-C)=(A+B):(A+C)

B E{Ij
— A+0=A
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B Commutativity
— A+B=B+A
— A-B=B-A

B Associativity

— A+(B+C)=(A'B)+(A-C)
— A+(B-C)=(A+B):(A+C)

B ldentity
— A+0=A
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B Complementation
— A+A=1
— A-A=0

Ui s
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Law

©),

B Characteristics of operation
— Second law of associativity is not regular operation
— Complementation is not inverse

— Result of addition, multiplication, complementatoin
Is closed in {0,1}

m Duality principle
— Result has similar form by exchanging addition and
multiplication

— Same result can be obtained by exchanging O and 1
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Theorem

— In Boolean, an equation which exchange + and — as
well as 0 and 1 of the original equation is called
“dual” of the original

— In Boolean, if one theorem holds, its dual also holds

e Note: Addition and multiplication are on even
ground where as multiplication is given priority
over addition in the normal algebra.
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B Truth table

B Truth table of AND
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B NOTOEHEER

B NORMDEBE{ER
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Truth Tabl

B Truth table of NOT

B Truth table of NOR
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B NANDOEE{ER

B XOROMDEHER
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Truth Tabl

B Truth table of NAND

B Truth table of XOR
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m EEE
— A+(B+C)=(A+B)+C
— A-(B-C)=(A-B)-C

NI
— A+(A-B)=A
— A-(A+B)=A

NEFHF
— A+A=A
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Theorem (1)

B Associativity
— A+(B+C)=(A+B)+C
— A-(B-C)=(A-B)-C

B Absorption
— A+(A-B)=A
— A-(A+B)=A

B Idempotence
— A+A=A
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A+1=1
A-0=0
A+(A+B)=1
A-(A-B)=0

(A+B)-(A+B)=(A-B)+(A-B)
(A-B)+(A-B)=(A+B)-(A+B)

EJLHDEE]
(A+B)=A-B
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Contd.
A+1=1
A-0=0
A+(A+B)=1
A-(A-B)=0

(A+B)-(A+B)=(A-B)+(A-B)
(A-B)+(A-B)=(A+B)-(A+B)

De Morgan Law
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— “My height is over 170cm and weight is over 60kg”
Its negative is not

“My height is less than 170cm and weight is less
than 60kg”

but,

“My height is less than 170cm or weight is less than
60kg”

Ex. 2
— “This ball is blue or red”
Its negative is
“This ball is neither blue nor red”
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B Ea5—#
— A-(B+(A-C))=(A-B)+(A-C)
— A+(B-(A+C))=(A+B)-(A+C)

B It DRI
— A+(A-B)=A+B
— A-(A+B)=A-B
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Theorem (3)

B Modular Law
— A-(B+(A-C))=(A-B)+(A-0O)
— A+(B-(A+C))=(A+B)-(A+C)

B Absorption of complement
— A+(A-B)=A+B
— A-(A+B)=A-B
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T LEHGER)ORNELERE
— f(X,y,2)=(x+y)-z




Conjunctive Clause and Disjunctive Clause of Boolean
algebra (3 variables)

— XYy, 2)=(x+y)-z

0 0]
0 0]
0] 1
0 1
1 0]
1 0]
1 1
1 1

b O b O » O +» O
b O b O +» O O O
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B H/NELHRKIE
— &/NE: J—ILTHDIE
— &=KIE: J—ILZHDOF

B FINEREREEREIZEN
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m
— f(X,Y,2)=X"y*z+ X y*Z+ X y*Z
=(X+y+2z) - (X+y+2) - (X+y+2z) - (X+y+Z)- (X+Yy+2Z)
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Normal Form of Formula (2)

Conjunctive Clause and Disjunctive Clause
— Conjunctive Clause: Multiplication of Boolean variables
— Disjunctive Clause: Addition of Boolean variables

Disjunctive Normal Form and Conjunctive Normal Form

— Disjunctive Normal Form: Logical formula is represented
by additions of Conjunctive Clauses

Conjunctive Normal Form: Logical formula is represented
by multiplication of Disjunctive Clauses

EX.
— f(X,y¥,2)=X"y*z+ X'y z+ X y*Z
=(X+y+2) (X+y+2)* (X+y+2) (X+y+2)  (X+y+2)
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EIEZRERDER

— f(X,y¥,2)=X"y*z+ X*y*z+ X y*Z
=(Xry+ Xry+ X1y)-z
=(Xry+ x*(y+y))-z
=(Xry+ x-1)-z

=(X'y+ X)-z
=(X+y)*z
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Normal From of Formula (3)

B Modification of Disjunctive Normal Form
— f(X,y¥,2)=X"y*z+ X*y*z+ X y*Z
=(X'y+ X'y+ Xry)-z
=(Xry+ x=(y+y))-z
=(X*y+ x*1)-z

=(X*y+ X)-z
=(X+y)-z
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B FREABRERNOTOEBZENT

— (Y. 2)=(x+y+2) - (x+y+z) - (X+y+2) - (X+y+2) - (X+y+27)
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B Derive the original formula from the conjunctive
normal form

— (Y. 2)=(x+y+2) - (x+y+z) - (X+y+2) - (X+y+2) - (X+y+27)
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B A+(A-B)=A+B ZIEAE &
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B Give a proof for A+(A-B)=A+B

sore T
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A+(A-B)=A+B

=A-1+_A-B

=A-(B+B)+A-B
=A-B+A-B+A-B

=A-B+ A-B+A-B+A-B
=(A-B)+(A-B)+(A-B)+(A-B)
=A-(B+B)+(A+A)'B
=A-1+B-1

=A+B
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A+(A-B)=A+B

=A-1+ A-B

=A-(B+B)+A-B
=A-B+A-B+A-B

=A-B+ A-B+A-B+A-B
=(A-B)+(A-B)+(A-B)+(A-B)
=A-(B+B)+(A+A)-B
=A-1+B-1

=A+B
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A(A+B)+B=
A(A+B)+B(A+B)=
A(A+B)=
A(A+B)=
(A+B)(A+B)=
(A+B)(A+B)=
(A-B)+B=
(A+B)+B=
(A-B)-A=

10. (A-B)(A+B)=

11. (A+B)(A+B)+B(A+B)=
12. (A+B)+(A+B)=

1.
2.
3.
4.
S.
6.
7.
8.
9.
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A(A+B)+B=
A(A+B)+B(A+B)=
A(A+B)=
A(A+B)=
(A+B)(A+B)=
(A+B)(A+B)=
(A-B)+B=
(A+B)+B=
(A-B)-A=

10. (A-B)(A+B)=

11. (A+B)(A+B)+B(A+B)=
12. (A+B)+(A+B)=

1.
2.
3.
4.
S.
6.
7.
8.
9.
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A(A+B)+B=AA+AB+B=A+B(A+1)=A+B
A(A+B)+B(A+B)=(A+B)+(A+B)=A+B
A(A+B)=AA+A-B=A-B=A+B
A(A+B)=A-A+A-B= A+A-B=A(1+B)=A
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Answer

A(A+B)+B=AA+AB+B=A+B(A+1)=A+B
A(A+B)+B(A+B)=(A+B)+(A+B)=A+B
A(A+B)=AA+A-B=A-B=A+B
A(A+B)=A-A+A-B=_A+A-B=A(1+B)=A
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