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Coding Theory / Cryptography
- No.4 Arithmetic Coding -
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Type of Codes

®  Non-block Code
m  Block Code
— Singular Code
— Non-singular Code
= Uniquely undecodable Code
= Uniquely Decodable Code
— Non-instant decodable code

.. (Arithmetic Code)

— REHESARELFAS......... (N\TIVHE) — Instant decodable code......... (Huffman Code)
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BiF= Arithmetic Coding
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®  Bound sequence of binary source symbol (“0”,“1”) in
arbitrary length

m  Set fractional point at the head, regard codeword as a
binary number

B Project binary number to section [0,1]

Bit number is counted to determine the section

B Output codeword to specify the section
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Arithmetic Coding(2)

m  Elias Code
— Principle of Arithmetic Coding
— There exists problem for practical use
= Insufficient operation accuracy
= Unable to decode in realtime

B LR (Langdon-Rissanen) Type Arithmetic Coding
— Starting point for practical application
= Remedy for operational accuracy
= Decodable in realtime
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EliasD & Elias Code
. FEEOTAER m  Coding Process
1 T . . 1 T
B EBLURIL (MPS) ELBY LL 282 e s ®  Multistage division of LL 227 0 [ s
RIL (LPS) DARREELLI Lo o e number line [0,1] by the Lo o e o0
FBHER[O, 11D SEHE Mo e e e M| o e
MPS: More probable symbol ~ 2/3 ML L o o0 MPS: More probable symbol 2> [
LPS: Less probable symbol ML Lm LPS: Less probable symbol ML e
B P(M)=2/3, P(L)=1/3D%| [ /e 100 m  Example of P(M)=2/3, o0 £
R 4/9 4/9
m 3{EEHT HLURILRT " P A PL=1/3 " waL e ou
£, “MMM” M5 “LLL"E T8 8/ m  Three successive symbol oF
EORERE (A—oR)Ic MM s @ corresponds to the MM s @
o RiMM probability section MMM
(Augend) from “MMM” to
0 e 0
HER[0,1]DHE Division of Number Line [0,1]
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. P L= H
EliasD = (2) Elias Code(2)
. EfiFSeoIorx m  Process of Arithmetic Coding
— DURILRINMMM” (X0, 8/27]1<H8 % — Symbols “MMM” corresponds to the section [0,
“1"HMPSTHNIE, LURILRFIE “111” 8/27]
“0"HMPSTHNIE, L RILRFIE “000” If “1” is MPS, symbols are “111”
If “0” is MPS, symbols are “000”
- COF -V RERBETHRLEL2ERIZ0.01
— IMEUTO2EYRTA VU REIEETED — The minimum binary number to specify this Augend
- BA—UIVRITHLT, —BESTHLHSERR R [HRRIGE _ _
— We can specify the Augend by fractional two bits
— Create uniquely decodable code to each Augend
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Elias®D 75 (3)

B DEEhEF—CIURERSR

Symbols | Augend -Log,(A) | Code Length (bit)
LLL 1/27 4.75 5
LLM 2/27 3.75 4
LML 2/27 3.75 4
LMM 4/27 2.75 3
MLL 2/27 3.75 4
MLM 4/27 2.75 3
MML 4/27 2.75 3
MMM 8/27 1.75 2
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Elias Code(3)

®  Divided Augend and Code Length

Symbols | Augend -Log,(A) | Code Length (bit)
LLL 1/27 4.75 5
LLM 2/27 3.75 4
LML 2/27 3.75 4
LMM 4/27 2.75 3
MLL 2/27 3.75 4
MLM 4/27 2.75 3
MML 4/27 2.75 3
MMM 8/27 1.75 2
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RS DRE

n FEoTatwx
— MMMMWSLLLETOA—V U REHE
— =PI RERBETIOICREMEVEBEMN ?
o A—TIUF WL MAtaE, LAbETHNIE,
W=P(M)2P(L)

W<0.25

W=>0.25
W=>0.5 W<0.5

Oubit X 1bit  Q2bit  x 2bit
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Principle of Arithmetic Coding

m  Coding Process
— Calculate augends from MMM to LLL
— At least how many bits required to specify Augend?
= When Mis a-times, L is b-times, Augend
W=P(M)aP(L)®

W<0.25

W=>0.25
W=>0.5 W<0.5

Oubit X 1bit  Q2bit  x 2bit
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EMFEDORE2)

B AU R WORSEIZETHE VMK
B=-log,W +1
m A—JrUR Wik
W =P(M)*P(L)"°
THAID
B =-log,(P(M)*P(L)*)+1

#5125 -6 SE / Coding Theory and Cryptography 17

Principle of Arithmetic Coding(2)

B Bit number required for coding of Augend W
B=-log,W +1
B Augend W is represented as
W =P(M)?*P(L)"°
Thus bit number is given by

B =-log,(P(M)*P(L)*)+1
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RS DERE(3)

B (a+th)EDIURILICHTEHER
B=-log,W +1
=~—log, (P(M)*P(L)")+1
=-log, P(M)* —log, P(L)" +1
=-alog, P(M)-blog, P(L)+1

- (awb)(—ilog2 P(M)-—2log, P(L)j+1
a+b a+b
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Principle of Arithmetic Coding(3)

®  Code length for (a+b) symbols
B=-log,W +1
=—log,(P(M)*P(L)")+1
=-log, P(M)* -log, P(L)° +1
=-alog, P(M)-blog, P(L)+1

- (awb)(—ilog2 P(M)-—2log, P(L)j+1
a+b a+b
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EMFEDRE4)

n JURILOES N=at+b AERKIAENIELLTARYIID
. a . b
fim g =PO) imy =P

B COLEENEDOLURLISHTEHERIEFTUMIE—H ZANT
LTO&3IZEH

a b
B= (a+b)[—ﬁlog2 P(M)—mlog2 P(L))+l

=N(-P(M)log, P(M)-P(L)log, P(L))+1
=NH +1
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Principle of Arithmetic Coding(4)

B The next relation holds when symbol number N=a+b
becomes infinity

. a . b
leﬁ: P(M) Amﬁz P(L)
®  Code length for N symbols can be written by entropy H
a b
B =(a+b) ———Ilog, P(M)———Ilog, P(L) |+1
a+b a+b

=N(=P(M)log, P(M)-P(L)log, P(L))+1
=NH +1
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EMFEDORE)

B 1IVURULSHEYDFEHFER b I
b=E=H+i
N N
THHMND.NMNERKISEDHIE, UN (0 I1EDE, THHESE
biFTUrEOE— HIZEHET 5

Iimb=H+Iimi
N—® N—w N
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Principle of Arithmetic Coding(5)

B Average code length b per 1 symbol is given by

b=E=H+i
N N

so that, when N approaches to infinity, 1/N approaches to
0, and average code length b approaches to entropy H

Iimb=H+Iimi
N—® N—w N
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Problem of Elias Code

B Realtime coding

— Itis impossible to code in realtime since we cannot
specify Augend after the appearance of all symbol.

®  Operational accuracy
— Multiplication is necessary to calculate Augend,
whenever the input symbol is increased
— It is impossible to realize since unlimited high
operational accuracy is necessary according to the
increase of symbol length
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®m EliasOHSOEERDRR
— UTILEALE
FEEA—VIUF [LH) OTHIOE L 12E5
HEDYICKIE VP REDRREE YRRZ YT+ THLE

- RERE
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L-R Coding

B Solution to the problem of Elias Coding
— Real-time operation
= Set code at the lower end L of Augend [L,H)

= Prevent propagation problem of bit reversal
caused by carry using bit stuffing

— Operational accuracy
= Approximate LPS’s occurrence probability by 2@
= Floating point operation, cut off operation at
finite digit
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L-REFEAE7ZILTUX L

n FEoTatR
- MHIRE
e VEYRDL P RACELUVL P REAEAE
e CIZIFTRTO, AIZETRTIZERA
C € 00000..0 (Vbit) : #HEOWNHE
A € 11111..1 (Vbit) :A—YzUR

— YU OFEE

- AD{E% LPS(=1), MPS(=0)D4#BHERLL p,:p, (25
£
DEILI-BEL S REA,, A1
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L-R Coding Algorithm

m  Coding Process
— Initialization
= Prepare register C and A with V bit
< InsertallOtoC,all1to A
C € 00000... 0 (V bit) : Initial value of code
A €« 11111.. 1 (Vbit) : Augend

— Coding of symbol x;
= Divide A based on occurrence probability ratio
pi:pp of LPS(=1) and MPS(=0)
= Store divide value to register Ajand A;
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L-REFSIETILTIXL(2)

L-R Coding Algorithm(2)

— ARDURILRIIDMEMT BITHEL . A= U FOEILHL

— LIBM LT REARVIE—FE

— MEELT.LPREAD MSB (Most Significant Bit) A0
lE, 1SRBETEL TH

— BAHFRICCHLRERLELHTES TR

— JIMDER. A—N\TO—LEEYMBEELLD

A € 000011.. 1 (V bit)

An € 11..11..1 (V bit)
C OMSBHl 4 bit NFSEE
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n FEioTatr m  Coding Process
— DEILELDRE — Divided register
- AL € Ap - AL € Ap,
- A € Ap, c Ao € AR
g . 2) YT e — Approximate occurrence probability p of LPS symbol by 20
— LPSYURILOEEHEE p, & 20 TREL(Q:EH. AFa—& (Q:integer, Called Sque), multiplication is replaced by bit-
)L, REZEVN JNERICESH®RZ S shift operation
- A, € A20 - A € A0
- Ay € A—A - Ay € A—A
. ) ST . —DEKiE o — Operation register length is V bit, so that the maximum
BHLORIREBVEVRTHEDN D, RF1—DRKIELV-1 value of Saus 15 v-1
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K 23 N ~ - -
L-RFEAET7ILIUXL(I) L-R Coding Algorithm(3)
m FEE0TOotR m  Coding Process
— BEOERK — Generation of code
- BEEA—SIVEOBRTEIZRELEH. AU « Code was set to the minimum value of Augend, so
U xi DIEICE>TR?CEHE R that code can be obtained for each input symbol xi
x=0 DEE LORACIHZDEE When x;=0 register C does not change
1
Xx=L DEE C € C+A, Whenx=1C € C+ A,
ST — Renewal of Augend
- T_/I/hmﬁﬁ_ . . - = For preparation of the next input, Augend is renewed
e ROADUBATAH—DzUFEUTOLSICEH as follows
X=0 DEE A & A, When x=0 A & A,
=l DEE A € A When x=1 A € A,
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L-REFZAET7 IOV X L(4) L-R Coding Algorithm(4)
. F—UrUFOBERIE(Re-Normalize) m  Re-normalization of Augend

— Augend value decreases in accordance with the increase
of input symbols

— However, register length V is constant

— Remedy is to operate left shift of register A if MSB is O,
unitl it will be 1

— Similarly, make left-shift for C as the same amount
— Overflowed bits are codeword by this shifting

A € 000011.. 1 (V bit)
An € 11..11..1 (V bit)
MSB side of C (4 bit) is codeword
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L-RFSEDEFEH

FEB (Vv=4, Q=2, x=011...)

Example of L-R Coding

®  Example (V=4, Q=2, x=011...)

A,:0011 A,:0011 A,:0011 A,:0011 A,:0011 A,:0011
A:1111 2 bit Re-normalize A:1111 2 bit Re-normalize
Q=2 m 0=2 Q=2 m Q=2
Ag:A-A; A:1100 A:0011 A:1100 C:C+A, Ag:A-A; A:1100 A:0011 A:1100 C:C+A,
=1100 I =1101 =1100 I =1101
Ag:A-A; = C:1001 Ag:A-A; = C:1001
=1001 ; = & Ag:A-A; =1001 = & Ag:A-A,
/ €:0100 o j €:0100 o
C:C+A, n C:C+A, -
—1001 Code: “10 —1001 Code: “10
C:0000 C:0000
x=0 x=1 x=1 x=0 x=1 x=1
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L-REESDETEHI Example of L-R Decoding
#HEHI (V=4, Q=2, Code=101110... ) m  Example (V=4, Q=2, Code=101110... )
A,:0011 A,:0011 A,:0011 A,:0011 A,:0011 A,:0011
A:1111 2 bit Re-normalize A:1111 2 bit Re-normalize
Q=2 /\ 0=2 Q=2 /\ Q=2
Ag:A-A; A:1100 A:0011 = A:1100 Ag:A-Ay Ag:A-Ay A:1100 A:0011 = A:1100 AgiA-Ay
=1100 J- =1001 =1100 J- =1001
Ag:A-A €:0010 i €:0010
=1001 =1001
~—— c:1010 ~—— c:1010
C:1011 C:1011 C:1011 C:1011
C<A, C=>A, C>A, C<A, C=>A, C>A,
->x=0 -> x=1 ->x=1 ->x=0 -> x=1 ->x=1
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Gl

B L-REMHFSIEIZBNT,. V=4, Q=2, x=100..., THILE. L
D&E3IT A-LPRE, AO-LDRE, AL-LURE, C-LUREDIE

FEILT2HETE.

41
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Quiz

B When V=4, Q=2, x=100..., how do values of A-register,
AO-register, Al-register, C-register of L-R arithmetic
coding change?
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. EHFER
L=-p,log,(1-2"°) - p,log, 2°
=—p,log,(1-2) + p,Q
m I hAE—

H =—P Ing Po— Py Ing P,
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Average Code Length of L-R
Coding
®  Average Code Length
L=-p,log,(1-2"°) - p,log,2°
=—p,log,(1-2) + p,Q
®  Entropy

H =—P Ing Po— Py Ing P,
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L-REFSEDFSERhER

B | -REMHFSIEOFSILIE

H/L | 100
H: T hAE— | oo
L EHHSE
0.980
0970 T
0850
cggegseggegeoggeseogge
§8858522:23538538z3883) Py
Sz
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Efficiency of L-R Coding

m  Efficiency of L-R Arithmetic Coding

H/L | 100
H:Entropy 0990
L:Average o0

Code T

Length 0970
0.960 \

0950

S28858-22525885858858| Py

Efficiency
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BMEMNTS

B Q-coder
— R¥a1—0OEMEL
- HEOMHEL
- IS—{&EOMLE
m MELCODE
- BRIOvIEEE
— BNFSERROERTRE
®  QM-coder
— Q-coder&MELCODEZ&HE-FF1L
— JPEG, JBIGTERA
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Adaptive Arithmetic Coding

B Q-coder

— Dynamic change of Sque

— Simplification of operation

— Prevent error propagation
m MELCODE

— Adaptive block coding

— Similar structure with arithmetic coding is possible
®  QM-coder

— Q-coder and MELCODE are combined

— Used by JPEG, JBIG
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