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Definition of Entropy

Let occurrence probabilities of N-events a,, a,, ... ,ay of
memory-less source S be p,, p,, ... ,py - H(s) is given
as follows.

N

~

Each even he source S indepen
(memory-less source, ex. dice)

Entropy becomes small when occurrence probability is
biased and vice-versa. (measure of ambiguity)
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m I hOE—DEIFXE (ESH)
H(s)>0
since log, p.<0 (0<p <1)
B I UrAOE—DOH/IME
H(S). =0
when p;, =1 (oneof p;)
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Characteristics o

B Value of Entropy is positive
H(s)>0
since log, p.<0 (0<p <1)

B The minimum value of Entropy
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Characteristics of E

B The maximum value of Entropy

— Mean information content becomes its maximum
when the occurrence probability of each event is
even(the most uncertain case).

max Iogz N
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S0 2 ST ERIR S={0,1} DIkOE—DOEH
“O” MHIRIERE p, "1"OHIFEZEX q £95
BRO0N1U"HAHITT HH B, p+g=1
IVrOE—% p DE#ELTKR DS
H(p)=-plog, p—qlog, g

=—plog, p—(1-p)log,(1-p)
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Entropy of Memory-less 2-symbol source S={0,1}
Occurrence probabilities of symbol "0” and "1” are p, q
Total occurrence probability is p+g=1

Obtain entropy as a function of p

H(p)=-plog, p—qlog,q
=—plog, p—(1-p)log,(1-p)
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TohOE—RE2(2)

H(p)D#fEETE#ER H(p)

- &XKIE
. H(0.5)=1
- &/ME
. H(0)=H(1)=0

0"V LT D HIRFERMNS50% D
BEICIVMAE—ARKX(HULVE
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Entropy Function(2)

Numeric calculation results

-  Max max value
« H(0.5)=1

— Min. value
« H(0)=H(1)=0

Entropy becomes its max

value when “0” or “1” |

occurs with the probability 00 01 02 03 04 05 06 0.7 0.8 09 10
50% (maximum ambiguity)
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P,=1/4, p,=1/8, p;=1/2, p,=1/8 MEEDITUFAE—
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Quiz

Obtain Entropy for P,=1/4, p,=1/8, p,=1/2, p,=1/8
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D

i
H(S) DEZ

H(S)=~|, p(x)log, p(x)dx
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m Definition of entropy H(S) of analog source S when its
sample has probability density function p(x).

H(S)=~|, p(x)log, p(x)dx
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B 150, 8 DEBAVRFERIE X OHERSREE p(x)
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B Probability density function p(x) of white gaussian
source X with average 0, variance c?

X:Amplitude

Lk

t:time
White noise
(independent and
uncorrelated)

X
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HOX N HEEHRIEO T O

B I OF—OEH

H(X)=—[ p(x)log, p(x)dx

=—E[|Og2 p(x)]
= E[-log, p(x)]

E
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B Calculation of entropy

H(X)=—[ p(x)log, p(x)dx
= —E[|Og2 p(x)]

= E[-log, p(x)]
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B I MOE—DEHR (i)

(cont.)
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(cont.)
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AORAFHIFHEDIFOE—(4

\ 7

B I MOE—DEHR (i)

1

H( X )=log, v2nc® +log, e?
=log, v2nc? +log, Ve

=log, V2nc’e

(EvbH2T)IL)
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B Calculation of entropy (contd.)

H( X )=log, v2nc® +log, e?
=log, v2nc? +log, Ve

=log, V2nc’e

(bit/sample)
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Maximum Entro|

Maximization of entropy of analog source
—  H(X) get infinity for uniform distribution
— Maximization under constraint has meaning

Entropy maximization problem when average power is
set to less than certain value.

— constrained condition




RAIFOF—FE

B LagrangeDRTEFZRHA, peEAL-FHMBEZ J D&EXK1E

J =-p(x)log, p(x)+Ax*p(x)+pp(x)

B p(X) TIRMOLTO EBE, BEORERIZKRDS
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B Maximize evaluation function J with Lagrange’s
uncertain coefficients A, p

J =—p(x)log, p(x)+2Ax"p(x)+up(x)

m Take partial derivative by p(x), put 0, obtain a form of

p(x)

i:—log2 p(X)—log, e+ AX* + u=0

ap(X)
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EEBMD, 0,78 P DAODRRHTHAZENHMNS
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Maximum Entropy

B Obtain constants a, B by inserting p(x) to constrained
condition
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ZDEEOIMNAE—IE

H(X )=Ilog, v2meP

-
EOLDULENVEATS
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Maximum Entropy Theorem(4)

Maximum Entropy Theorem:I'When source’s average
power is less than P, white gaussian source with
variance P gives the maximum entropy]

Entropy is given by

H(X )=Ilog, v2meP

Most ambiguous input
Needs most bits to encode

J

X:Amplitude

What gives maximum
entropy ?

{: tlme
whlte Gaussian noise
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|EAHDIGE

- BT x=y THY, ESFZOHEDY DIEy ZHn(X, T2IC
THEREHE D X DE x ZHHENTES

— Y DEZHSF=EZ(Z X [2TDOLTHISEHREIE HX)

EHZTHITIHE

— Y DIEFH->TH, X [ZEEHLVELIA HXX|Y) FZIT5%S

— YDEZHIST=LZE X ICEALTESENEHREIL. BEFSHRE
1Y) IZHHT S (1(X;Y)=H(X)-H(X|Y) )
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Sourc

B In case of no distortion

— always x=y, we can know value x from source output
X by knowing value y of decoder output Y

— Information to know X is H(X) by knowing value of Y

B In case of allowing distortion

— Ambiguity H(X]Y) still remains to X even we know
value of Y

— Information of X under known Y is given by
1(X;Y)=H(X)-H(X|Y) (Mutual information)
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ortion(2)

B Required bits to transmit information
— Entropy H(X) in case of no distortion
— I(X;Y) in case of allowing distortion

B Problem

— Average distortion d., differs by source coding
method even if average code length I(X;Y) is the
same when allowing distortion

- ThaL IC average rnr‘ln Innni-h 1(X-V\ AdAiffer
, U \ally\-ll |\/\,|} AL\

coding method even if average distortion
same

\V/ nNlir
\J

the

b
d

S
is t

Y
m
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EHEFT RWRFS1

€

m L—FEABE# (Rate-distortion function)
- BZonf-{E D [ZxfL, FHEH d H

DEBZEE=T I OGFHRREFSEZITL, TDEED I(X;Y)
D&x/IME R(D) ZL—hEAHEEHEMT S

R(D)=min (I(X;Y
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ortion(3)

B Rate-distortion function

— When source coding satisfies the next condition in
regard to average distortion d, to given value D,

the minimum value R(D) of I(X;Y) is called rate-
distortion function

R(D)= mln( (X;Y))

d
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EHEHTERRFEE(4)

B FEHEHFIEEORBMEFSIEEE

- FHEH d, 7 D UTFITHIZDELNSIEFHDTT, FEDIE
e [2HL, BHIFE S Z1FHEHEYOFEHHFSE L A

R(D)<L<R(D)+¢

ERBD2EFHENFSILTES.
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B Source coding theorem when distortion is allowed

Under the condition making average distortion d
not exceed D, we can encode source S to binary
symbol code having average code length L per input
in regard to an arbitrary positive number «¢.

R(D)<L<R(D)+¢
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L —hEAEE

B L EABEBDOHE
FHEH d, A D UTIZHESHEVSHEREHD T T, 1FRIRE
HA X EESHED Y OBOHEEREEHR=Z I1(X;Y) Z&/ME
FEEEFZZNIL, PyX) BNELT S (P(X|ly) TlEELNZ &
[ZEE)
Py|x) DZEALIZEST, I(X)Y) BNELT S

B H/MEDOFR (fF%lZLagrangeDREZREEIZLS)

1(X:Y)= ZPOOT Py )log, P((y'j)
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Rate-distortion Function

B Calculation of rate-distortion function

- Under the condition of that average distortion d,
does not exceed D, minimize mutual information
1(X;Y) between source output X and decoder output Y

P(y|x) varies by changing coding method ( Note: not
P(x]y))
— I(X;Y) varies by changing P(y|x)
B  Minimization object (solved by Lagrangian method)

1(X:¥)= ZPOOT Py )log, P((y'j)
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P(y)=2> P(X)P(y|x)

d, =2 P(x)2_ P(ylx)d(x,y)<D
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Rate-distortion Function

m Condition

P(y)=2_ P(x)P(y|x)
d, =2 P(x)2_ P(ylx)d(x,y)<D

E
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Rate-distortion Function for
White Gaussian Source

B Definition of distortion measure

d(x,y)=(x-y)

m Setting problem

— Let probability density function p(x) from source X
can be given by
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BHORERMIFEOL—EHEH
(2)

- FHFEHd, & D UTICHNZLHELSEH
= [ [ p(x)p(ylx)(x-y)*dxdy <D

DT T, RAZEHHHERZERE P(y|x) ITBEAL Tm&/IME

(x:¥)=[" p(x){j p(y|x)logz%dy}

f=1=L, »
p(y) = p(X)P( Y| x)clx |

E
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Rate-distortion Function for
White Gaussian Source(2)

— Condition to suppress average distortion d,, under D

d,=[" [ p(x)p(y[x)(x—y)*dxdy <D

Let us minimize the next equation in regard to the
conditional probability function P(y|x).

(XY= p(x){jw p<y|x>|ogzwdy}dx
s - ply)

where, .
p(y) = p(x)p(y|x)dx JCHERSES:
- problem)
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B OREHRRED L —FEHBEE

F o= \

(2)

m L
— 1GY)=HX)-H(X|Y) THSH 5, I(X;Y) Dax/MEIE HX]Y) D
PN |
—  Z=X-Y EEBELE, HXIY)=H@Z|Y) (ZEZFX>TH X A&
B) CDEE

H(Z|Y)<H(Z)
THIMD

H(X|Y)<H(Z)

Uiad ¥ =3
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Rate-distortion Function for
White Gaussian Source(3)

B Solution
— 10X Y)=H(X)-H(X|Y) Thus, minimization of I(X;Y)
corresponds to maximization of H(X]|Y)
— Let us define z=X-Y, H(X|Y)=H(Z|Y) (can know X by
knowing difference), we can write

H(Z|Y)<H(Z)

Thus,

H(X |Y)<H(Z)
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B RFHREDL—E AR
(4)

m L RS
- — A, FHEAd, [T 22 DHFETHY, Thh D DEZH
AW ENIREH LD

d =E|z?|<D

ZDEHDTIZ, HZ) NEXRELEADIE, “FERIVFOE—TFE
B ZKY, ZNFEH 0, 8D DBBRAORIEHRIETHS
ZDNE=ED Z HOIbAE—

H(Z)=Ilog,v2neD
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Rate-distortion Function for
White Gaussian Source(4)

m Solution (contd.)

— Average distortion d_ is expected value of z%. This
value should not exceed D (constrained condition).

d =E[z%|<D

Under this condition, H(Z) is maximized by
“Maximum Entropy Theorem” when Z is white
gaussian source with average 0, variance D.

— In this case, entropy of Z is given by

H(Z)=Ilog,v2neD
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(2)
R ()
- BEEHE (GY) OR/MERRATE X 5N %
1(X5Y)=H(X)=H(X]Y)
> H(X)—H(2)

=log, V27eo’® —log, v 27eD
2

1 o .
=—log, — bit / sample
5 £, D ( ple)
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Rate-distortion Function for
White Gaussian Source(5)

m Solution (contd.)

— The minimum value of mutual information I(X;Y) is
given by the next equation.

1(X5Y)=H(X)-H(X[Y)
>H(X)-H(2)

=log, V2neo’ —log, v 27eD
2

| ol .
=—]log, — bit / sample
5 £, D ( ple)
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B OREHRRED L —FEHBEE

J o= \

(O)

m LS
- L—FEHFEZ RD) (X 1(X;Y) DEF/IME

R(D) = min | (X;Y)

1 o’

=—log, — bit / sample
; 0g, D ( ple)

E
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Rate-distortion Function for
White Gaussian Source(6)
m Solution (contd.)
— Rate distortion function R(D) is the minimum value of

1(X;Y)

R(D) = min | (X;Y)

1 o’

=—log, — bit / sample
5 0g, D ( ple)
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A

— R(D)=c0 at D=0

1.0

E
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Rate-distortion Function for
White Gaussian Source(7)

B R-D Curve (Variance=1)
— Convex to downside RD) ¢

— R(D)=c0 at D=0
1.0

FESEH-ESHE5% / Coding Theory and Cryptography




