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I hOE— Entropy

m ILNOE—DORES m  Definition of Entropy
. mREERESONEOESR ay, 8, o By OHIBREES P - Let occutrence probabilities of N-events a;, a,, ... ,ay of
Do o Py ELT-EE, TURAE— HE) FRATE Z B ;nsefnglcngaslfess source S be py, p,, ... ,py - Entropy H(s) is given
N N
H(S)=-) p;log, p, -
(S) ;P. 9, P, H(S)=->p,log, p,
= i=1
- BHRIE S OERBRIEIMILISEIS (BILIEIFHIE. ex. dice) - Each event of the source S independently occurs.
- IVFAE—FHRERISREYHHIBEITISEY, FYH (memory-lessjsource jex;{dice)
SEMERIZITAEES (HLEVSORE) - Entropy becomes small when occurrence probability is

biased and vice-versa. (measure of ambiguity)
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IrAE—DHE Characteristics of Entropy
m I ROE—ODEIXE GE&) ® Value of Entropy is positive
H(s)>0 H(s)>0
since log, p,<0 (0<p,<1) since log, p,<0 (0<p, <1)
m I hOE—OR/ME ®  The minimum value of Entropy
H(S)min:0 H(S)min:0
when p; =1 (oneof p;) when p;=1 (oneof p,)
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IVROE—DHE(2) Characteristics of Entropy(2)
m IVOE—ORKIE ®  The maximum value of Entropy
- THERELNRKICLEIDE. REZOHBRRENELIME - Mean information content becomes its maximum
B (BBTHEELGSE) when the occurrence probability of each event is
even(the most uncertain case).
1
Pr=p;==pPy=1 1
N Pr=p;==pPy=1
N
H(S).. =log, N
max 2
H(S )pa =log, N
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o o .
I hOoE—E# Entropy Function
n EEE2TEHE S=(0,1) OILFOE—DHEH ®  Entropy of Memory-less 2-symbol source $={0,1}
n ‘0" OHBWEEE p, "1"OHREEE q LTD m  Occurrence probabilities of symbol *0” and “1” are p, q
B EBROHUHHETEND. prg=1 m  Total occurrence probability is p+q=1
B IUAE—% p DEHKELTRDD m  Obtain entropy as a function of p
H(p)=-plog, p—qlog, q H(p)=-plog, p—qlog, q
=—plog, p—(1-p)log,(1-p) =—plog, p—(1-p)log,(1-p)
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o ) .
IMAE—RE(2) Entropy Function(2)
B H(p)DOEfBEHER H(p) | 1o m  Numeric calculation results 1o
09 of H(p) H(p)| o0
- &K Zj - Max max value Zj
- HOS5)=1 w7 N . HO5)=1 0o —A N
- ®=/ME 05 - Min. value 08
«  H(0)=H(1)= 04 _ _ 04
(0)=H(1)=0 o + H(0)=H(1)=0 o8
0" DHBIREEMNS0%0D zf I | m  Entropy becomes its max zf / |
BEICIVFOE—ARK(HLVE 00 U ! value when “0” or “1” 00 U i
WEHAFREK) 00 0.1 02 03 04 05 06 0.7 08 09 10 occurs with the probability 00 01 02 03 04 05 06 0.7 08 09 10
50% (maximum ambiguity)
P P
%SIH-ISEH / Coding Theory and Cryptography 11 %SIH-ISEH / Coding Theory and Cryptography 12

FFSEG-BESIE5% / Coding Theory and Cryptography




=

FHE A Quiz
m P,=1/4,p,=1/8, p;=1/2,p,=1/8 DEED I rOE— ®  Obtain Entropy for P,=1/4, p,=1/8, p,=1/2, p,=1/8
1 1 2 11 1 1 1 2 11 1
H(S)=-=log,~——log, =——=log, = H(S)=-=log,~—-—log, ——=log, =
(8)==7log, ;—l09, o= l0g, > (8)=-log,  ~glog, -~ log;
2 3 1 2 3 1
==4+=+= ==+ +=
4 4 2 4 4 2
=175 =175
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7oy EREOIVNOE— Entropy of Analog Source
B FERTE p(x) HHEAREELOT OV IERE S DTV MEE— m Definition of entropy H(S) of analog source S when its
sample has probability density function p(x).

H(S) DEE
H(S)=—]" p(x)log,p(x)dx
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H(S)=-]" p(x)log,p(x)dx
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=]
=

HOARHERFEOT bOE—

150, ke DEBRAVRERIE X ORI HBEH p(x)

(x)= ! ex| fx—z 5
p = o? P 202 ]X:}ifz'l'ﬁ

. .
t: B

HEMET
(3 THREARR)
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Entropy of Gaussian Source

m  Probability density function p(x) of white gaussian
source X with average 0, variance c¢*

p( X ) _ 1 exp(f )(72) x:Amplitude
2n6? 2c* j OI lou
.ﬂ t:time

White noise
(independent and
uncorrelated)

O

X
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AR HIERFENT FOE—(2)
B IVAOE—DHEH

H(X)==[" p(x)log, p(x)dx

=-E[log, p(x)]
=E[-log, p(x)]

= E[—Iogz[\/zlizexp[—
o

. (cont.)

=)
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Entropy of Gaussian Source(2)
m  Calculation of entropy

H(X)==[" p(x)log, p(x)dx

=-E[log, p(x)]
=E[-log, p(x)]

' o el 2

. (cont.)
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HOZARHBEHRFEDOT+OE—(3)

)

m IVFAE—DEH ()

H(X)=-log, —— ! E{Iogz[exp
2n

Efe]

\_/Q

Entropy of Gaussian Source(3)

)

m  Calculation of entropy (contd.)

H(X)=-log, —— ! E{Iogz[exp
2n

7 - 7 - 'I
=log, J2ne® —log,| exp| - =log, J2ne® —log,| exp| — J
20 20
1 1
=log, ZnG —log, exp E E[x = =log, ZnG —log, exp E E[x =
. (cont.) . (cont.)
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AVZASMERREDOILOE—(4)
m IVAOE—DEH (fiF)

1

H(X )=log,v2nc® +log, e?

=log, v2nc? +log, Ve
=log, v2nc’e

(EvNHTIL)
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Entropy of Gaussian Source(4)
m  Calculation of entropy (contd.)

1

H(X )=log,v2nc® +log, e?

=log, v/2nc? +log, e
=log, v2nc’e

(bit/sample)
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BRAXIVrOE—FE

. 7HOJEREOIVIAE—DR KL
- —HBAHTIE HX) TEBRKIZHKKTS
- HNESZ L TORKIEIZE®RLNHD

B FEHNT—AREMB(PETR)UTTOIUAE—DHRKILRHEE
- BEREH

fxzp(x)dng

J: p(x)dx=1
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Maximum Entropy Theorem

m  Maximization of entropy of analog source
— H(X) get infinity for uniform distribution
- Maximization under constraint has meaning
®  Entropy maximization problem when average power is
set to less than certain value.
- constrained condition

f‘xz p(x)dx <P

f; p(x)dx=1
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BRAIVAFOE—FEE(2)
B LagrangeMREFRBA, pEEALFFHEREL J ORKIE

J =—p(x)log, p(x)+Ax*p(x)+up(x)

B p(x) TIRHALT 0 &&ZE, BOBERITKDSD

0J 2
=—log, p(X)—log,e+AXx"+ u=0
op(x) ’ ’
p(x) = e
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Maximum Entropy Theorem(2)

m  Maximize evaluation function J with Lagrange’s
uncertain coefficients A, p

J =—p(x)log, p(x)+2x*p(x)+pp(x)
m  Take partial derivative by p(x), put 0, obtain a form of
p(x)

= X)—log, e+ AX*+u=0
0 0g, p(x)-log, H

JORT
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BAIVFOE—FE(3)

B p(X) EHREHICRAL, EHa, BERDHBE

a= 71 p= L
2P 2P
E75Y, p(x) 1

X2

2P

PCO=p

LRBMD, T 0,98 P DHIRRETHII LN DD
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Maximum Entropy Theorem(3)

m  Obtain constants a, B by inserting p(x) to constrained
condition

a= 1 L= L
2P 2P
Thus, p(x) is given by

X
g 2P

()=
P _\/ZnP

We find that it is gaussian with average 0, variance P.
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BAXIVOE—TEHE(4)

B RRIVAAE—EE: TEHEHN P LTOEHRRTE, Tk
OE—HMRKIZEZDIE, 58 P OBBAVRERETHS)

B ZOLEEQIVFAE—(E

H(X)=log, ~2neP
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m  Entropy is given by

Maximum Entropy Theorem(4)

®  Maximum Entropy Theorem:TWhen source’s average

power is less than P, white gaussian source with
variance P gives the maximum entropy

H(X)=log, ~2neP [ ]

X:Amplitude

0
t:time
white Gaussian noise
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EHEHITHERREFSIE

n EZAHDBE
- BlIx=y THY, ESHOHNY OfEy EZHhIE, LI
TEIRRE D X DIE x #HBIENTED
— Y OfEFEMSIEEIC X 1TV THBERE L H(X)

= EHEHTHE
— Y OEEHS>TEH, X [TEEHVENSA HX|Y) EIHES
— YOlEZEHM-tEE X IZEALTELTYIEHRE L. MEIEHRE
10GY) 1SR E TS (10GY)=HX)-HX]Y) )
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Source Coding with Distortion

m In case of no distortion

- always x=y, we can know value x from source output
X by knowing value y of decoder output Y

- Information to know X is H(X) by knowing value of Y

m In case of allowing distortion
- Ambiguity H(X]Y) still remains to X even we know
value of Y
- Information of X under known Y is given by

1(X;Y)=H(X)-H(X]Y) (Mutual information)
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EHEHTHEHRRFSIE(2)

 EREFEETIOILELRER
- EFEADBAICIFIVFEE— HX)
- BHEHTHERIZIZ IXY)

n EER
- EHEHITHEICITHFSR IXY) ARLTD, HHRREFH
BEDHEIZKY, FHEH d, BELD
- #IZ, FYEH d, ARLCTH, FRREFSLOHEIZKY,
EHFEER IXY) NELD
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Source Coding with Distortion(2)

B Required bits to transmit information
- Entropy H(X) in case of no distortion
- I(X;Y) in case of allowing distortion

m  Problem
- Average distortion d,, differs by source coding
method even if average code length I(X;Y) is the
same when allowing distortion
- That is, average code length I(X;Y) differs by source
coding method even if average distortion d,, is the
same
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EHEHTIRHMRFSIE(3)

L—hE#H#B# (Rate-distortion function)
- BEzohit-{E D ITHL, FHEH d, A

d, <D

DEHEBTIOUERRHFEILETL, TOEED I(X;Y)
Df/IME R(D) ZL—hEAHBEEHEIES

R(D)=min (I(X;Y))
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Source Coding with Distortion(3)

m  Rate-distortion function
- When source coding satisfies the next condition in
regard to average distortion d,, to given value D,

d, <D

the minimum value R(D) of I(X;Y) is called rate-
distortion function

R(D)=min (I(X;Y))
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B EAEHTHAOFEMRFSLER

EHEHTEHRRFFSIE(4)

- FHEHd, & D UTFITHIASENSEZHEDTT, FENE
e ITHL, FHIR S Z1BFRESHVOTEHHSR L A

R(D)<L<R(D)+e
L BITRB~FRILTES.
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Source Coding with Distortion(4)

m  Source coding theorem when distortion is allowed

- Under the condition making average distortion d,,
not exceed D, we can encode source S to binary
symbol code having average code length L per input
in regard to an arbitrary positive number «.

R(D)<L<R(D)+¢
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L—hEHEH

L +EHBEROHE
- FFEH d, D UTFITHBEVIHREHDOTT, HRIR
HAOXLESHREN Y OROHEEIFRE I(XY) E&/ME
- BHEEELEZNE PyX) AZETS (PKly) TIERNZE
IZEE)
— Py]x) DEAEIZEST, I(XY) BELTS

B B/MEORR (fRiElXLagrangeDREFRBEIZLD)
P(y[x)

106G )= ZPOOZP(Y D)log, 59
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Rate-distortion Function

m  Calculation of rate-distortion function

- Under the condition of that average distortion d,,
does not exceed D, minimize mutual information
1(X;Y) between source output X and decoder output Y
P(y|x) varies by changing coding method ( Note: not
P(xIy))

— I(X;Y) varies by changing P(y|x)
m  Minimization object (solved by Lagrangian method)

. P(yIx)
’ = | /R E—
1(X3Y) ZX:P(X)Zy:P(YIX)Og P(Y)
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L—rEABE#(2)
n HEREH
P(y)=Y P(X)P(y|x)
d,=>P P d(x,y)<D
; (x)@ (y1x)d(x,y) S

f=t=L
P(y|x)=0
> P(ylx)=1
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Rate-distortion Function(2)

m  Condition

P(y)=2 P(x)P(y|x)
d, =) P(x)) P(y|x)d(x,y)<D
; ( ); (ylx)d(x,y) %

where
P(y|x)=0
> P(ylx)=1
y
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HEAVRERROL—FEAEH

n FEAHAEOEER
d(x,y)=(x-y)
m FEREE
© X OREBEBS pK) 5

X2

1 5
p(x)= Twze

THEALBNHIEAHITIR
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Rate-distortion Function for
White Gaussian Source

m  Definition of distortion measure

d(x,y)=(x-y)
m  Setting problem

- Let probability density function p(x) from source X
can be given by

X2

1 5
p(x)= Twze
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HEBAVRIERREOL—FEHBEEK
(2)
- FEH d, %D UTFISMRBENEH

d,=[" " p(x)p(y[x)(x~y)*dxdy <D

DT T, RAZEMHAFEREERE P SELTR/ME

XY =] p(x){jf; P(YIX)logszy}dX

p(y)
fEL, -
p(Y):LQ p(x)p(y[x)dx (RS DHY)
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Rate-distortion Function for
White Gaussian Source(2)

- Condition to suppress average distortion d,, under D

d,=[" " p(x)p(y[x)(x~y)*dxdy <D

Let us minimize the next equation in regard to the
conditional probability function P(y|x).

(x:¥)= " p(x){j” P(YIX)logszy}dX
- - p(Y)

where,

p(y)=]" p(X)P(y|X)dx (end of setting
- proble

lem)
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HEAVRERREOL—FEABEY
(3)

L5
— 1GY)=HX)-HX]Y) THBDS, I(X;Y) Diz/MEIE HXX[Y) D
=N |4
— Z=X-Y EBLE, HXIY)=H(ZIY) (EZ&-TH X 25152 &(2h
%) COEE
H(Z|Y)<H(Z)
THHID

H(X|Y)<H(Z)
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Rate-distortion Function for
White Gaussian Source(3)

m  Solution
— 1(X;Y)=H(X)-H(X]Y) Thus, minimization of I(X;Y)
corresponds to maximization of H(X|Y)
- Let us define Z=X-Y, H(X|Y)=H(Z|Y) (can know X by
knowing difference), we can write

H(Z|Y)<H(Z)
Thus,
H(X|Y)<H(Z)
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HEBAVRERREOL —FEHBEEK
(4)
. k)

- —A, FHEH d, 1$ 22 OHFETHY, Shit D OEER
ARV ENHEEH LD
d, =E[z?]<D
- COEBOTFIZ, HO) BBAEREDIE, “BAIUIOE—FE
BIZEY, Z AT 0, 5 D OBEHIRERETHD
- COLED Z OIUbAE—

H(Z)=log,v2neD
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Rate-distortion Function for
White Gaussian Source(4)

m  Solution (contd.)
- Average distortion d,, is expected value of z2. This
value should not exceed D (constrained condition).

d, =E[z?]<D

- Under this condition, H(Z) is maximized by
“Maximum Entropy Theorem” when Z is white
gaussian source with average 0, variance D.

- In this case, entropy of Z is given by

H(Z)=log,v2neD
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AEADREREDL—FEHEH
(5)
" D)
- HEFRE I(CY) ORMERRATEZBNS
IX5Y)=H(X)-H(XY)
>H(X)-H(2)

=log, V27eo” —log, v27eD

1 o’
=—log, D

5 (bit/ sample)
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Rate-distortion Function for
White Gaussian Source(5)

m  Solution (contd.)

- The minimum value of mutual information I(X;Y) is
given by the next equation.

L(X:;Y)=H(X)=H(X]Y)
>H(X)-H(2)

=log, V27ec’ —log, v27eD

2

1 o .
=—log,— bit / sample
7198 ( ple)
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HEAVRERREOL—FEABEY
(6)

nAEE (E)
- L—hEHEH RD) X 1(X;Y) D&R/IME

R(D) = min 1(X;Y)

2

1 o .
=—log,— bit / sample
5108, ( ple)
—_—
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Rate-distortion Function for
White Gaussian Source(6)

m  Solution (contd.)
- Rate distortion function R(D) is the minimum value of
1(X;Y)

R(D) =£rml£ 1(X5Y)

—llo O-—Z
2%
—_—

(bit/ sample)
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HEAVRERROL—FEAEH
(7)

m R-D 7357 (5H1IDHEAR)

- TFIZM R(D)
— R(D)=c0 at D=0
1.0
05
0 0.5 1.0
D
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Rate-distortion Function for
White Gaussian Source(7)

m R-D Curve (Variance=1)

- Convex to downside R(D)
— R(D)=c0 at D=0
1.0}
0.5
0 0.5 1.0
D
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