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Coding Theory / Cryptography
- N0.10 RS Code -

Hiroshi Watanabe
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B RSH& (Reed-Solomon code)

K 3

— fF=1E
e 7—EVH-)—K, X2 X4J-VOEY (1960)
B85
e N—LHVT, 7yl 4 (1969)

— A
- ERTLERE, B2&(E, ADSL, CD, DVD, QRI—
P
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B RS code (Reed-Solomon code)
— Coding
e Irving S. Reed, Gustave Solomon (1960)

— Decoding
e Erwyn Berlekamp, James Massey (1969)

— Application
e Terrestrial TV broadcasting, Satellite
Communication, ADSL, CD, DVD, QR-code
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BCHA&(X25T[0,1]F 5 THAH, RSHEIEXLZ TS
[0,1,2,...]

BCHRFEMNGFQR)DEES LTEAMZEXP(X)HBLVEMRZIER
CGXX)EEETHADIZHLT, RSFESTIERANMNBIEKIAGF(2™)
ECEBHRBEAPX)BLUVAERZERAGCGX)EEE

ZLDEETIL, GF(28) (1/\(FEfI)

WEIFZBCHFA S EALEIND
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RS Code

BCH code is binary element [0,1] code, RS code is
multi-element code[0,1,2,...]

BCH code defines message polynomial P(x) and
generator polynomial G(x) on a set of GF(2), where as
RS code defines message and generator polynomial on
expansion field GF(2™) from the beginning

In many implementation, GF(28) (1 byte unit) is used

RS code is viewed as Cyclic BCH code
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H KR

BRAGFQ)IZEWTRIIFDIT{O, 1, a HIa DREFTETEKIR
oy (03]

F={0, 1, o, @2, ..., d, ... }={0, a®, &, &2, ..., &4, ... }

LRAGFCM Tl #F2THY, FEICELTEHAL TS
ENFEHELD

COEBZEmE=IOHICE, UTORNSERXZE I LEND
%)

o 2m-1) +1=0
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Extension Field

In finite field GF(2), elements {0, 1, «a } of series F can
be represented by power of «

F={0, 1, o, @?, ..., d, ... }={0, a®, &, &2, ..., &4, ... }

In extension field (2™), the number of elements is 2™,
it Is closed under multiplication

To construct extension field, the following irreducible
polynomial should hold

o 2m-1) +1=0
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LA (2)

Py—

GTEaL, BREENIL

o Zm-1) =1= oY

THdh L

g @m+n) = o (2m-1) 5 (n+1) = 40 o (N+1) = , (n+1)

E77Y, RIIFIE
F:{O, OZO, 0(1, 052, . a2m—2, a2m—1, , a2m+1, }
={0, &, &*, &?, ..., P2, P, at, &2, .. }

a2m

Li=h > TGF(2M)I&
GF(2m= ={0, o, o, a?, ..., ® 2}
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Because, irreducible polynomial can be written as
o Zm-1) =1= oY

So that
g @m+n) = o (2m-1) 5 (n+1) = 40 o (N+1) = , (n+1)

Thus, series F can be expressed as
F:{O 030 0(1 052 a2m—2 a2m—1 a2m a2m+1 }
:{O’ aos a11 azl Doog azm_21 aol als azs }

Therefore, GF(2™) is constructed
GF(2m= ={0, «°, o, a?, ..., ® 2}
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LA (3)

P RIRGF2MIZHITHMEIL, IEZDIFEDTTaZexDZIEX T
FIFLT

| — —_ 2 3 m-1
al_ai(x)_ai,O_l_ai,lx_l_ai,ZX To X0+ .t X

EED22IEDOMEIL, ZIEKX DX LT SR O ME (BEfthpYamE
MEES
o' +o =a(X)+a(X)
= (o0 )+ (a o PX+(o,+a;,) Xo+ ..+

(ai,m-l_l_ aj,m-]) Xm_l

LE=M->T, MEIZEILTEALTLS
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Addition in extension field GF(2™) is based on the
following polynomial representation. Non-zero element
o' can be written as

| — —_ 2 3 m-1
al_ai(x)_ai,O_l_ai,lx_l_ai,ZX To X0+ .t X

Addition of two elements can be done by XOR
operation of each term of polynomial

o' +o =a(X)+a(X)
= (g+ )+ (o o )X+(a; ,+a;,) X+ ..
(ai,m-]_l_aj,m-l) Xm_l

Therefore, it is closed under addition
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B STtDBE, PURILO-7IZxLTIEYREFE AL ELTRYETIE /2
HE1TS (aldxE+x+1D1R)

000
001
010 a
011
100 1+ a

101 a + o’
110 1+ o+ o
111 1 +o’

oL |EvkRBE | ZIEAXARIER GF(2mRNEXRIF
0
1

N o~ WIN|IF|O
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Structure of R

B For 8 elements, error correction and detection is
performed to symbol O-7 based on 3-bit unit (« is root
of x3+x+1

Symbol Bit Rep. 2e]\VAN{-To R GF(2™) Power Rep.

0 000
001
010
011
100
101 a + o?
110 1+a+ o
111 1 +o’
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RST

B NEEE (aldxE+x+101R)

0

1 v

a a a
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Structure of

B Addition (« is a root of x3+x+1)

0 ) v 3 4

a a a a a
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RST

B FHEE (alIxB+x+1D1R)

0 ) v

a a a
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Structure of

B Multiplication (« is a root of x3+x+1)

0 ) v 3 4 5

a a a a a a
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RSHFEDfER (4)

EEFRDHDENIEGF(2I)DEIY LT
— (100111011000000000)
— (100)(111)(011)(000)(000)(000)
- ao’, a% o’, 0, 0, O

ABZIERE G(X)=x+1 £95

_*Lbd)x’é%y&&'d‘éa_iﬁyIE‘tP(X)?A_‘—VEBZL, ERZIHID
SRB(COBITIHL)ICHEZ T HXIZHNTS

— P(X)=d*+ a’Xx + a’X?
— XP(X)= X + a’%x? + a’%x3
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Structure of RS Code (4)

Division of send message and assign of GF(23)
— (100111011000000000)

— (100)(111)(011)(000)(000)(000)

- o, o o?, 0, 0, O

Generator polynomial G(xX)=x+1

Create message polynomial P(x) having these elements
as coefficients, multiply x* to the maximum degree (in
this example, 1) of generator polynomial

— P(X)=d*+ a’Xx + a’X?
— XP(X)= X + a’%x? + a’%3
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RSFFE DR (5)

XP(X)ZEMZIEBAXTEIY, RYRX)ZKRH S

— GXX)DIERMAX=1THSNb, RYRMX)IEXP(X)IZx=1%#KA
Lf-#ERIZFLLY
R(X)=1P(1)=d’ + o + o’ = «

B ZIEAFX) I
F(X)=XP(X)+R(X) = a+ o’ X + ab X% + o’ X3

FEIX
(010)(100)(111)(011)(000)(000)(000)
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Structure of RS Code (5)

Obtain residual R(x) through dividing xP(x) by
generator polynomial

— root of G(X) is x=1, thus residual R(x) is the same
polynomial obtained by inserting x=1 to xXP(X)

R(X)=1P(D)=d&’ + a® + o’ = «

Code polynomial F(x) is given by
F(X)=XP(X)+R(X) = a+ o’ X + a® X% + o’ X3

Code
(010)(100)(111)(011)(000)(000)(000)
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ZEAX"1+1 (n=2M-1)ZEFNY LSS EXD S5, AL
RDBLDZRIBLZIENEND

BRAXEBN-LRUTOMD ZEXTHENEWNVT>TLIVNIE, [R
15 2 IE I Tl

ZIERAX+1 (M=4)DIEE, x*+x+1IXRIBZIER THLHIN,
X432+ X+ 1IN ZEA THoTHLRIBZEA TEH L
XP+1 = (X4+X+1) (X +XB+X"+X5+Xx3+X2+X+1)
XP+1 = (X4H+x3+X2+X+1) (X111 +x10+Xx0+x>+x+1)

LAaL
xX5+1 = (X*+x3+x2+x+1)(x+1)

i -BESIEi% / Coding Theory and Cryptography




Primitive Polynomial (1)

B Among irreducible polynomials which can divide
polynomial x"-1+1 (n=2™m-1), the one which has the
largest period is called primitive polynomial

If a polynomial is also irreducible to other lower order
(Max. n-1) polynomial, it is not primitive polynomial

For polynomial x>+1 (m=4), x4+x+1 is primitive
polynomial, but x*+x3+x2+x+1 is only irreducible
XPP+1 = (X4+X+1) (XA +XB+X"+X5+X3+X2+X+1)
XP+1 = (X4H+x3+Xx2+X+1) (X111 +x10+x0+x>+x+1)
o]U]
X°+1 = (X4+x3+x2+x+1)(x+1)

Ui s
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B EOHIDMISH T HRIBZLIAI

1+x+x3
1+x+x4
1+Xx24+x°
1+x+x5
1+x3+x7

1+X2+x3+x4+x8

1+X+Xx6+x104+x14
1+Xx+x1°
1+X+Xx3+x124+x16
1+x3+x17
1+x7+x18

1+ X+X24+x5+x19

1+x4+x°
1+x3+x10
1+x2+x11
1+X+Xx*+x5+x12

1+X+Xx3+x4+x13

1+x3+x20
1+x2+x21
1+Xx+x22

1+Xx5+x23

1+X+X2+X7+x24
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B Primitive polynomials for some m

1+x+x3
1+x+x4
1+Xx24+x°
1+x+x5
1+x3+x7

1+Xx24+x34+x4+x8

1+X+Xx6+x104+x14
1+Xx+x1°
1+X+x3+x12+x16
1+x3+x17
1+x7+x18

1+X+X24+x2+x19

1+x4+x°
1+x3+x10
1+x2+x11
1+X+x4+x56+x12

1+X+x3+x4+x13

1+x3+x20
1+x2+x21
1+X+x22

1+x5+x23

1+X+X2+X7+x24
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B FEUURILEN, TR ORILEK, BEDRILE2L
RS(n, k) = RS(2™M-1, 2M-1-2t)

B ARZIEK

G(X)=go+g1X+0oX>+ ... + gpr X2 + X2

B GX)DIRZa, o2, ..., a ET 5L, =20 ¢E
G(X)=(x-a) (X-a”) (X-07) (X-a*)
=(X?-(at+a?)x+o’) (X?- (o +ta?)x+a’)
=X*-a3X3+a'%X2-a!X+a’
=3 +a!X+a'%%+a>x3+x4
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Code symbol number n, information symbol number K,
parity symbol number 2t

RS(n, k) = RS(2M-1, 2M-1-2t)

Generation polynomial

G(X)=go+g1X+0oX>+ ... + gpr y X2 + X2

Let roots of G(X) be a, o, ..., o’ . When t=2,
G(X)=(x-a) (X-a”) (X-a’) (X-a7)
=(X?-(at+a?)x+o’) (X?- (o’ +a?)x+a’)
=X*-a3x3+a'%?-a!X+a3
= +a!X+a')X?+a3x3+x4
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RSFF&EDERK2 (2)

BHEZEAZREDVRILBEITOINTRONEZEAZ, £
BREEATE-RYDMREBED VRILRIIEGS
XK P()=G(x)Q(x)+R(X)

FIEHLBEIRRMX) &
R(X)=X"kP(x) modulo G(x)

FEZEAFX)IE
F(xX)= X"kP(x)+R(x)
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Structure of RS Code-2 (2)

First, shift input polynomial by the number of parity
length. This polynomial is divided by generator
polynomial. Residual corresponds to parity data.

XM KP(X)=G(X)Q(x)+R(X)

Thus, residual is obtained by
R(X)=X"kP(x) modulo G(X)

Code polynomial F(X) is given by
F(x)= X"kP(x)+R(x)
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(7,3)RSFHFEDHIELTEHRL VRILALUTDIGEEDERZIE
RzEKDH5

[010110111 ] =[ao! & &’]
P(X)=a!+a’X+a’X?

ERRZIEI

G(X)=d’+a/X+a'%X>+a3x3+x4

BHRLIEXZEN-k=4KYx =TT, ERZEARTES
XP(X)=x* (a'+a’X+a'X?)= a!X+a’x>+a’Xx®
= (o +a!X+a'?+ox3+X*) (af+o'X+a'X?)
+(a'+a?X+o*x2+abx3)
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Structure of RS Code-2 (3)

An example of (7,3)RS code. Lets obtain message
polynomial when input information is the following.

[010110 111 ] =[o! & &’]
P(X)=a!+a’X+a’X?

Generator polynomial
G(X)=d’+a/X+a'%X>+a3x3+x4

Shift message polynomial as x* since n-k=4, divide by
generator polynomial

XAP(X)=x* (a!+a'X+a’X2)= alx*+a’x>+a'x°
= (OC3+OC]X+OCOX2+OC3X3+X4) (a4+a0x+a5x2)
+(a'+a?X+ofx2+abx3)
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RSFF&EDERK2 (4)

7S SEAFCO S THURE S HRIHR (RES VI E
MZ5
F(X)=R(X)+X*P(x)
= (a%+a?X+a*x?+a’%3) +(a!/X*+a3X>+a’XP)

SURILENATIIZES
[ @ &® o af o! &3 o]

=[ 001 100 110 101 010 010 111}

p > < 4

BREE VK FIERE vk
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Code polynomial is created by adding residual (parity
symbols) to the shifted message polynomial

F(X)=R(X)+X4P(x)
o (0(0+062X+064X2+066X3) + (alx4+a3x5+a5x6)

Convert symbols to binary data
[ @’ o af af a! o’ o’ ]
=[ 001 100 110 101 010 010 111]

< x >
Parity bit Information bit
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