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BYUSTERS Error Correction Code

m  RSHS (Reed-Solomon code)
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B RS code (Reed-Solomon code)

— Coding

= Irving S. Reed, Gustave Solomon (1960)
— Decoding

= Erwyn Berlekamp, James Massey (1969)
— Application

= Terrestrial TV broadcasting, Satellite

Communication, ADSL, CD, DVD, QR-code
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RSHF5S

® BCH#S(E257x[0,1]1H5THAM, RSHEIEETHE
[0.1,2,.]

B BCHRASMNGFQR)DEALTEBRZERP()SLUVERZIER
G)EEETHDITHLT, RSHFS TIERMMSIEKRIAGF(2™)
LT TEHSBEAPCOBLIVERSBERCX)EER

B BLDRETIE, GF(28) (1/ A REfL)

B KEFRBCHRESLAHHEIND
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RS Code

B BCH code is binary element [0,1] code, RS code is
multi-element code[0,1,2,...]

B BCH code defines message polynomial P(x) and
generator polynomial G(x) on a set of GF(2), where as
RS code defines message and generator polynomial on
expansion field GF(2™) from the beginning

® In many implementation, GF(28) (1 byte unit) is used

B RS code is viewed as Cyclic BCH code
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/PN

m HRIAGFQ)IZBVTRIIFOT{O, 1, aHIa DRERTRE
hd
F={0, 1, a, &2, ..., d, .. }={0, &, &%, &, .., d, .. }

B HKAGFRM TIITOHIE2"THY, REICEALTHLTLSS
EMEH/ELD

B COFHEBLIEOICE, UTORNSEREH -TBLELSD
&)

@D +1=0
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Extension Field

m In finite field GF(2), elements {0, 1, o} of series F can
be represented by power of o

F={0. 1, &, &?, .., o), .. 3}={0, &, o, &2 .., &, .. }

B In extension field (2™), the number of elements is 2™,
it is closed under multiplication

B To construct extension field, the following irreducible
polynomial should hold
o @m-1) +1=0
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IKAE (2)

n GERs, BHSERE

a@m-1) =1= 0

. THHHID

o @mn) = o (@M-1) o (1+1) = 0 o (1+1) = o (N+1)
m LY, RIIFIF
F={0, &®, &, &, ..., @®™2, @M1, M, g?m*l L}
={0, &, a*, &3, .., "2, P, &*, A, ... }

m LfAoTGRE2M)IE
GF(2™= ={0, &, &, &?, ..., @2}
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Extension Field (2)

B Because, irreducible polynomial can be written as
a@m-1) =1= 0

®  So that
o @m+n) = 5 (2m-1) 5 (1+1) = {0 o (N+1) = o (n+1)

B Thus, series F can be expressed as
F={0, &®, &, &, ..., @®™2, @M1, M, ?m*l L}
={0, @, a*, &3, .., "2, P, &*, A, ... }

®  Therefore, GF(2™) is constructed
GF(2™= ={0, ?, &, &, ..., @2}
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IKAE (3)

B JERAGFRMIZHITEMEIL, EBDFEDTaEXDEZEXT
RELT

= — 2. 3. m-1
ad=a()=a,+a; X+a X2+ ; X3+ .. +a, X

. FEOEOMEL, ZEXORET SHBOME b HRE
meid
@ =a()+a(X)
= (a+ )+ (o o Ix+(a+ ;) X2+ L+
(o +ajvm,,) xm-1

i,m-1

B Lf=ptoT, MEICELTHLTLS
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Extension Field (3)

B Addition in extension field GF(2™) is based on the

following polynomial representation. Non-zero element
o' can be written as

d=a(X)=a; o X+a X2+ X3+ L+, XML

B Addition of two elements can be done by XOR

operation of each term of polynomial
a+ad =a(x)+a(X)
= (a+ )+ (o o Ix+(a+ ;) X2+ L+

(@ e+ ) XML

m  Therefore, it is closed under addition
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RSFEDHER (1) Structure of RS Code (1)

B 8EDIHA, PURIL0-7ISHLTIE B ELTRYETE, & m  For 8 elements, error correction and detection is
HE1TS5 (alEx3+x+10D1R) performed to symbol 0-7 based on 3-bit unit (a is root
of x3+x+1
SURIL | Ey b (&RE GF(2m)~R bL
il dred) |[ERFEFH @r~EEE Symbol Bit Rep. Poly. Rep. GF(2™) Power Rep.
] 000 (0] (0]
1 001 1 1 o 000 o O
5 oo 1 001 1 1
N e T 2 010 a @
B ) e 3 011 @ |
-
g z 4 100 1+a @
5 101 o+ ol at p S
110 1+a+ o 5 5 101 a+ a a
° gare 2 6 110 1+a+od o’
7 111 1 +a?  |af
7 111 1 +a? af
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e ( f d
RSHEDERK (2) Structure of RS Code (2)
B NEEHE (alIxC+x+101R) m  Addition (a is a root of x3+x+1)
@ la |a2 | |t |&& |af @ o |a2 | |t |&& |af

P 0 |& la¢ |ad | |t |& P 0 |& |a¢ |ad | | |&

al @’ o a o | [ al @’ o a o | [

o |af a’ o o |a @ |a o |at a’ o o |al @ |a

o |a a | o a | |at o |a a | o a | |at

a | o’ al a’ o a | a | o’ al a’ o a |

o at a’ @ a? a’ o al o at a’ @ o’ a’ o al

al o’ o a’ at @ al o al o’ o a’ at @ al o
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SRS ( fR d
RS#=MD 3) Structure of RS Code (3)

= T .
B REEH (aldxC+x+10DIR) ®  Multiplication (a is a root of x3+x+1)

o la @2 |d |t |8 oo o la @2 |t |t |8 oo

a” aﬂ al a? a? a4 o’ aﬁ a” aﬂ al a? a? a4 ai aﬁ

a o a2 12 1ot la8 et a0 a o a2 12 1ot lad et a0

@ e B et a8 |af a0 |of @2 |l | |t |8 |a8 |a® |o

o o at a® al a’ al o’ o o at a® al a’ al o’

o at o a® a’ al a’ o’ o at o a® a’ al a’ o’

o o a’ a’ al a’ @ o o o a’ a’ al a’ @ o

al al a’ al ao? o at o al al a’ al ao? o at o
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RSFHEDHERK (4)

X EFERODBILCGFHDEYLT
— (100111011000000000)
— (100)(111)(011)(000)(000)(000)
- d, o o’, 0, 0, O

m ERZEAXE GX)=x+1 ¢T3

B CHhoDTERMETHLBMEBEAPO)EMEREL, £REERXD
REXB(CHOBITIIL)ITHLSTEHERITE
— P(X)= '+ afx + a’%?
— XP(X)=d’x + a'%? + a’x®
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Structure of RS Code (4)

m  Division of send message and assign of GF(23)
— (100111011000000000)
— (100)(111)(011)(000)(000)(000)
- d’, o o’, 0, 0, O

B Generator polynomial G(x)=x+1

m  Create message polynomial P(x) having these elements
as coefficients, multiply x* to the maximum degree (in
this example, 1) of generator polynomial
— P(X)= &+ a'x + a’x?

— XP)=a*x + a’%% + o?x3
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RSFHSDER (5)

B xXPO)ZEERZERXTEY, RYRX)ERDD
— GXX)DWIXx=1THBM5, KRYRKX)IEXP(X)ITx=1Z{A
LIHERIZHLL
R(X)=1P(1)=0’ + o’ + o’ =«

B FEEEAFK)E

FO)=xP(X)+R(X) = a+ &’ X + af X2+ o’ x3

. /e
(010)(100)(111)(011)(000)(000)(000)
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Structure of RS Code (5)

B Obtain residual R(x) through dividing xP(x) by
generator polynomial

— root of G(x) is x=1, thus residual R(x) is the same
polynomial obtained by inserting x=1 to xP(x)
R(X)=1P(1)=c* + oS + i’ =«

B Code polynomial F(x) is given by
FO)=XP(X)+R(X) = a+ o’ X + af X2 + o? X3

m  Code
(010)(100)(111)(011)(000)(000)(000)
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RInZEK (1)

m BEAXI+1 (n=2"-1)FEY LN SEXDSS, A#HR
ADLDERBERA LD

B BERREN-LRUTOMOZEXTEHRHELVE>TUONIE, R
RS BERTIEAL

B ZIEAX+1 (M=4)DFHA, x*+x+1ERBEEXTHLN,
XAx3+x2+x+1IEBM S AN THoTHRB S HEA T
XI5+1 = (XA+x+1) (XA +XB+XT+X5+X3+x2+x+1)
XB+1 = (XAHXC+HX2+X+1) (XL +X10+x0+x5+x+1)
Lt
X5+1 = (X4+x3+x2+x+1)(X+1)
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Primitive Polynomial (1)

B Among irreducible polynomials which can divide
polynomial x™1+1 (n=2m-1), the one which has the
largest period is called primitive polynomial

m  If a polynomial is also irreducible to other lower order
(Max. n-1) polynomial, it is not primitive polynomial

m  For polynomial x15+1 (m=4), x*+x+1 is primitive
polynomial, but x4+x3+x2+x+1 is only irreducible
XI5+1 = (XA+x+1) (XA +XB+XT+X5+X3+x2+x+1)
XI5+1 = (XA +X3+X2+X+1) (X1 +X10+xE+x5+x+1)
but
X5+1 = (X*+x3+x2+x+1)(Xx+1)
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RIn S EK (2)
EOMOmMITHY HRMSIER
3 1+x+x3 14 | 1+x+x8+x10+x14
4 14+x+x4 15 | 1+x+x15
5 | 1+x2+x5 16 | 1+x+x3+x12+x16
6 | 1+x+x® 17 [ 14347
7 1+x3+x7 18 | 1+x7+x18
8 | 1+x2Hx3+xi+x8 19 [ 1+xtx+xs+x19
9 1+x44+x9 20 | 1+x3+x20
10 | 1+x3+x10 21 |1+t
11 | 14+x2+x1L 22 | 1+x+x22
12 | L+x+x4+x6+x12 23 [ 1+x5+x23
13 | Lxx3+xd+x13 24 | 1+x+x2+xT+x24
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Primitive Polynomial (2)

Primitive polynomials for some m

3 1+x+x3 14 | 1+x+x8+x10+x14

4| Laxxt 15 | 1+x+x1s

5 1+x2+x5 16 | 1+x+x3+x12+x16

6 1+x+x8 17 | 1+x3+x17

7 1+x3+x7 18 | 1+x7+x18

8 | 1+x2Hx3+xi+x8 19 [ 1+xtx+xs+x19

9 1+x44+x2 20 | 1+x3+x20

10 1+x3+x10 21 | 1+x2+x?L

11 | 1+x2+xit 22 | 1+x+x2

12 14+X+XA+XE+x12 23 [ 1+x5+x%

13 14X+X3+x4+x13 24 | 1+x+x2+X7+Xx24
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RSFEDER2 (1)

BFEIURILEN, B URILEK, REDVRILE2E
RS(n, k) = RS(2m-1, 2m-1-2t)

£ ZER

G(X)=go+giX+0pX?+ .. + Qo X201 + X2

GX)DIR%Ea, &, ... , i ETBE, t=20,E
G()=(x-a)(x-a’) (x-a’) (x-a’)
=(X2-(a+a?)x+a?) (x2-(a*+af)x+a”)
=x4- 03X+ % 2-g X+
=@+ X+a"%2+a@IxX3+x4
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Structure of RS Code-2 (1)

Code symbol number n, information symbol number k,
parity symbol number 2t

RS(n, k) = RS(27M-1, 2m-1-2t)

Generation polynomial
G(X)=go+giX+0pX2+ .. + Qo X201 + X2

Let roots of G(x) be a, ¢?, ..., @* . When t=2,
G ()= (x-a) (x-07) (x-a’) (x-ac’)
=(X2-(a+a?)x+0?) (x2-(a*+af)x+a”)
=x4-3x3+a%2-a!x+0d
=3 +a!X+a'%x2+a3x3+x4
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RSTBEDHER2 (2)

BHRESERXEREDVRILEIEZ TSI THRONE-SERE, £
BEEXTES-RYNDREIURILRINELD
XnkP(x)=G(X)Q(X)+R(X)

FTIEHLERRX)
R(X)=X"*P(x) modulo G(x)

HEZEXFXOIE
F(x)= X"kP(x)+R(X)
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Structure of RS Code-2 (2)

First, shift input polynomial by the number of parity
length. This polynomial is divided by generator
polynomial. Residual corresponds to parity data.

XN kP(x)=G(X)Q(X)+R(X)

Thus, residual is obtained by
R(X)=X"kP(x) modulo G(x)

Code polynomial F(X) is given by
F(X)= X"*P(x)+R(X)
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RSFHEDHER2 (3)

(7,3)RSHEDFIELTIHER VHRILAUTDIHEDERSE
HERDD

[010110111 ] =[d! & &°]

P(X)=a!+a’x+a’x?

EREERA

G(X)=d+alx+a'x2+a*x3+x4

BIRZBEREN-k=4LYX 1T TRL, ERZERTED
XAP(X)=x* (a! +a*x+a’x?)= a! X4 +a*x5+a'x®
=(+a!X+a"%2403X3+x4) (a+0o'X+a’X2)
+ (a4 02X +a'x2+a0%3)
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Structure of RS Code-2 (3)

An example of (7,3)RS code. Lets obtain message
polynomial when input information is the following.
[010110111 ] =[o/ & &’]
P(x)=a!+a’x+a’x?

Generator polynomial
G(X)=d’+alx+a'x?+a*x3+x4

Shift message polynomial as x4 since n-k=4, divide by
generator polynomial
XAP(X)=x* (a!+o’Xx+a'x2)= a!x*+0'x5+a’x8
=(+a!X+a"%2+03X3+x2) (a+0oIX+a’X2)
+ (402X +a'x2+a%3)
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RSHSDHERM2 (4)

FELBERAF)ES I BREZEXICEREEI VR E
mz%
F(X)=R(X)+X*P(x)
= (aP+a?X+a?X2+a0%3) +(a!X*+a’Xx5+a %5)

SURIENAFYICES
[(lﬂ az (14 (l(' al ai Ol5]
=[ 001 100 110 101 010 010 111]

BEEVH BIRE Wk
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Structure of RS Code-2 (4)

Code polynomial is created by adding residual (parity
symbols) to the shifted message polynomial

F(X)=R(X)+X*P(x)
= (a%+a?X+a?X2+a0%3) +(a!X*+a’Xx5+a’%5)

Convert symbols to binary data
[(lﬂ aZ (14 (l{' al a] a5]
=[ 001 100 110 101 010 010 111]

Parity bit Information bit
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